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1. Introduction 

 

 

1.1 The importance of studying interaction  

between the driving wheelset and track 

 

Nowadays, rail transport is one of the most important means of transport, both for goods 

and for passenger transport.  

Railway vehicles and the track itself are the essential components of rail transport. The 

two subsystems, generically called the vehicle and the railway, interact by means of contact 

between the wheels and the rails, and this interaction is the distinguishing element that 

distinguishes rail transport from any other means of transport on land. 

Most of the time, the two subsystems are treated separately as stand-alone systems, and 

the justification for this treatment lies in the fact that the vibrations of the vehicle can be 

considered to be decoupled from those of the railway since the vehicle body’s natural 

frequencies on the suspension of the vehicle are in the range of 0,5 to 20 Hz, while the 

frequencies of the railway are at much higher frequencies. Starting from this approach, a series 

of research directions have been imposed in the literature, among which it is mentioned: the 

vibrations of the railway vehicles, the stability of the railway vehicle running, the running 

quality, the vibration comfort, the dynamics of the vehicle when crossing the curves, etc., as 

well as those that deal with the problems of the rails: the dynamics and vibrations of the railway, 

the propagation through the ground of the elastic waves produced by the going trains, railway 

subsidence, phenomena in transition areas with variation in track stiffness, etc.m. 

A number of practical aspects such as rolling noise, tread wear, shocks between wheels 

and rails, etc. require a different approach because the phenomena that generate them are the 

result of the contribution of both the vehicle's running gear and the track, and in particular the 

rails. These phenomena have as their source the coupled vibrations of the wheelsets and rails 

and therefore their treatment must start from the study of the interaction between the wheelset 

of the vehicle and the railway. In most situations, the vibrations of the wheelset can be 

considered to be disconnected from each other and even the vibrations of the wheels from the 

same wheelset as being also decoupled. At the same time, the vibrations of the two rails of the 

path are treated as independent vibrations. Under these conditions, the problem reduces to the 

study of the vibration of a single wheel running on a rail and for this reason, the field of research 

is known as wheel-rail vibration or wheel-rail interaction.  

The wheel-rail vibrations develop mainly in the vertical direction being excited by the 

irregularities of the running surfaces and are manifesting at the level of contact between the 

wheel and the rail in the form of dynamic loads that are transmitted both to the track 

superstructure (rails, sleepers, bed) and to the running gear of the vehicle. Among the effects of 

wheel-rail vibrations are listed: cracking, cracks and even breaks through material fatigue to 
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rails and wheels, cracks in sleepers, migration of broken stone components, compaction of the 

railway, etc. 

Effects of a different nature occur when the dynamic loads produced by the wheel-rail 

vibrations act in the presence of slipping of the wheels on the rails. The frictional forces induced 

by these slips produce the wear of the track that take two forms: uniform wear and undulating 

wear.  

In the case of driving wheelsets, the transmission of motor torque on the driveline from 

motor to wheelset induces torsion vibrations that are amplified especially in situations where 

traffic is at the adhesion limit, and torsion vibrations take the form of stick-slip vibrations. From 

a constructive point of view, it is preferred that the driving wheelsets are fitted with a one-sided 

transmission (a single geared crown mounted on the wheelset) since this type of transmission 

allows an increased gauge for mounting the electric traction motor compared to the bilateral 

transmission (two geared crowns mounted on the wheelset). The adoption of the unilateral 

transmission makes the driving wheelset inertial asymetrical, which facilitates the priming of 

torsional vibrations. Furthermore, the asymmetrical construction of the driving wheelset 

changes the vertical vibration regime of the wheelset on the railway in that the amplitude of the 

variation of the vertical contact forces is not the same on both wheels. In this way, not only is 

the variation of vertical contact forces a factor of excitation of a parametric nature of the torsion 

vibrations of the driving wheelset, but by the uneven distribution on the two wheels, it amplifies 

the level of these vibrations.  

It should be noted that in motor vehicles, the torsional vibrations of the wheelser and its 

drive system, including the motor rotor, the elastic transmission shaft and the reducing gear, are 

coupled, by means of wheel-rail friction forces, with the rebound vibrations of the wheelset 

which is connected to the bogie frame by an elastic driving system to transmit the tractive force. 

These two types of coupled vibrations define the longitudinal vibrations of the driving 

wheelsets.  

 The torsional vibrations of the driving wheelsets affect the resistance structure of the 

wheelset by the variable stresses to which they are exposed. In extreme cases, uncontrolled 

torsional vibrations that occur at the adhesion limit in the form of stick-slip vibrations are one 

of the causes that produce breaks of driven wheelsets through the phenomenon of material 

fatigue. On the other hand, the torsional vibrations of the driving wheelset coupled with the 

rebound ones, as shown above, cause important variations in the traction force developed by 

the wheelset with negative consequences on the traction performance of the locomotives. Last 

but not least, the longitudinal vibrations of the driving wheelsets contribute to the priming and 

development of undulating wear, especially of the rails.  

The direction of research on the interaction between the driving wheelset and the track 

represents a scientific challenge due to the multitude of aspects that need to be carefully 

evaluated and included in the modelling. At the same time, the interaction between the driving 

wheelsets and the running track is constituted as a fertile field of investigation in that the better 

knowledge of the main properties of the complex vibration regime of the driving wheelsets can 

lead to the identification of the ways and then of the means by which the negative effects of 

these vibrations are limited. 
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1.2 Scientific objectives of the thesis 

 

The main scientific  objective of the work is the study of the longitudinal vibrations of 

a driven wheelsets with unilateral transmission, driven by an asynchronous electric motor with 

the rotor in short circuit during movement at the limit of adhesion on a track in alignment and 

level to highlight the basic properties of the wheelset drive system in conditions where the 

running surfaces are affected by irregularities, and the electric traction motor works at the 

nominal parameters. This configuration in which the electric motor operates at the nominal 

parameters and the wheelset runs at the adhesion limit is very important as it is the basis for the 

design of the transmissions of vehicles with electric traction.  

It proposes an approach that differs  from other treatments by: (a) the investigation of 

torsional and rebound vibrations of the motor driven wheelset parametrically excited by the 

fluctuation of the frictional forces on the periphery of the wheels due to the variation of the 

normal wheel-rail contact forces, a variation caused by the vertical interaction with the track 

rails in the presence of surface irregularities;  (b) taking into account the mechanical 

characteristic of the asynchronous motor in the wheelset dynamics.  

The specific objectives of the thesis are: 

- elaboration of the model of torsional vibrations of a driven wheelset with a unilateral 

transmission; 

- modelling of the bending vibrations of the driving wheelset; 

- modelling of the railway structure for the purpose of studying the vertical vibrations 

of the driving wheelset on the track; 

- drawing up the model of the vertical interaction between the driving wheelset and 

the running track in the presence of surface irregularities; 

- obtaining the vertical forces of wheel-rail contact as random functions of time; 

- elaboration of the model of the longitudinal vibrations of the driving wheelset, 

including the drive system and its elastic driving system; 

- analysis of the linear stability of the stationary regime, equivalent to the equilibrium 

position of the drive system of the driving wheelset and the elastic driving system; 

- nonlinear analysis of the drive system of the driving wheelset and the driving 

system; 

- analysis of longitudinal vibrations parametricly excited by variations in vertical 

contact forces between wheels and rails; 

- experimental validation of the numerical results obtained.  

 

 

1.3 The general presentation of the thesis 

 

The paper is structured on 7 chapters, bibliography and 3 annexes covering over 270 

pages, and in this section the content of each chapter are briefly presented. 
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 1.4. Published papers 

 

 During the doctoral studies, a number of 28 papers  were published: one article indexed 

web of science (WOS) red zone; 3 articles indexed web of science (WOS); 4 articles indexed 

scopus; one article indexed in other international databases; 9 articles held at national 

conferences. 

 

 

2. State of the art on the interaction between  

driving wheelset and the track 

 

 In this chapter is made a review of the researches carried out in the areas of interest of 

the thesis subject. The main study models of wheelset vibrations are highlighted, as well as the 

most important models for the study of the vibrations of the railway, pointing out the advantages 

and limitations specific to each individual model. The most important theories and results for 

modeling the contact between the wheel and the rail are presented along with a series of 

methods for calculating the wheel-rail friction coefficient. The relevant studies addressing the 

interaction between the vehicle and the track are also mentioned. The chapter ends with a brief 

overview of the main types of electric motors used in railway traction. 

 

 

3. Vibrations of the driving wheelset 
 

For the study of the interaction between a driving wheelset and the railway track in 

alignment, the torsion and bending vibrations of the wheelset are important. Torsion vibrations 

are mainly generated by harmonic components of motor torque, while bending vibrations are 

mainly excited by geometric irregularities at the wheel-rail contact level. These irregularities 

are the leveling deviations of the track and the roughness of the running surfaces. Leveling 

deviations lead to low-frequency vibrations, while surface roughness is the cause of high-

frequency vibrations. 

Upon contact between the wheels and the rails, the torsion vibrations of the wheelset 

cause variations in the sliding speeds and the frictional forces. In this way, the effect of torsion 

vibrations has an impact on the tractive force acting in the driving system of the driving 

wheelset. 

The bending vibrations of the driving wheelset develop mainly in the vertical plane and 

are accompanied by variations in the normal contact force. The size of these normal contact 

forces depends not only on the amplitude of geometric irregularities from the contact between 

the wheels and the rails, but also on the dynamic properties of the driving wheelset and the 

railway. 

If the driving wheelset is regarded as an isolated mechanical system, the torsion 

vibrations are found to be decoupled from the bending vibrations. However, the real-life 
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movement of the driving wheelset on the rails leads to the appearance of bending vibrations 

and variations in its normal wheel-rail contact force, due to geometric irregularities, as shown. 

Corroborating these aspects with the fact that the frictional force depends on the size of the 

normal contact force, it follows that the bending vibrations of the wheelset induce a certain 

regime of torsion vibrations that influence the entire drive system of the driving wheelset. 

In this chapter, two models are presented, one for the study of torsion vibrations, and 

the other, for the study of bending vibrations of the driven wheelset. These models will be 

assembled together with the wheelset drive system and its steering system to form what can be 

called the part of the vehicle in the study model of the interaction between the driving wheelset 

and the railway, the other part being the railway track model. 

Since they are interested in the field of low and medium frequencies, both models are 

based on the theory of continuous elastic body to represent the dynamics of the wheelset. 

Neglecting the resonant effect of the wheels and the toothed crown of the wheelset drive gear, 

an effect which manifests itself at high frequencies above 1500 Hz [140], the wheels and the 

gear's gear-toothed crown are considered to be rigid bodies attached to the wheelset body.  

 

 

3.1. Mechanical model for the study of torsion vibrations 
 

The mechanical model for the study of torsion vibrations of the driving wheelset (shown 

in Figure 1) consists of a free shaft of constant circular section, which has attached concentrated 

masses representing the two wheels and the toothed crown.  

  

 
Fig. 1. Driving wheelset – schematic representation for the study of torsion vibrations. 

 

The shaft has the length l, the mass per unit length equals to m = ρS, where ρ is the 

density of the material, and S represents the area of the cross-section of the wheelset, and the 

torsion rigidity GIp, in which G is the transverse modulus of elasticity, and the Ip is the moment 

of polar inertia of the middle cross-section. The wheels have Mr mass and Jxr axial inertia 

moment, and the wheelset gear has the Mc mass and the Jxc axial inertia moment. The wheels 
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are fixed at a distance a from the ends of the wheelset, and the gear is located at a distance b 

from the left end of the wheelset. The distance between the nominal running circles of the 

wheels is 2e.  On the wheelset acts a time-varying torque, C(t), applied to the toothed crown 

The torsion vibration ecuation of the driving wheelset is 

 

( )
( )

( )
( )

( )
( )

2 22 2

2 2 2 2

2

2

θ , θ ,θ θ
ρ δ δ

,
δ ( )δ( ).

p p xr xr

xc

a t l a t
I GI J x a J x l a

t x t t

b t
J x b C t x b

t



  − 
− + − + − + +

   


+ − = −



                    (3.1) 

 

To solve this equation, the method of modal analysis is applied.  The  rigid vibration 

mode shall be taken into account together with the first two elastic modes of vibration. 

 

 

3.2. Torsion frequency response of the driving wheelset 

 

The frequency response to the driving wheelset from the LEMA electric locomotive 

produced by SOFTRONIC Craiova is examined. 

 

 
Fig. 2. Torsion receptance of the driving wheelset next to wheel 1. 

 

With the values of the parameters of the torsion vibration model of the driving wheelset 

presented above, the following natural frequencies of the driving wheelset were obtained from 

the solution of the characteristic equation: 54.5 Hz and 494.6 Hz. From the receptance of the 

driving wheelset (v. fig. 2) calculated next to the first wheel, the wheel next to the geared crown, 

the resonance frequencies could be identified at the values corresponding to the calculated 

natural frequencies and an anti-resonance regime at 42,2 Hz can be identified.  The existence 

of the anti-resonance regime is explained by  the fact that the torsion waves propagate from the 
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section where the harmonic excitation torque acts in the driven wheelset in the form of direct 

waves, and these waves reach the ends of the wheelset and then turn due to reflection in the 

form of  reflected waves. The overlapping of direct and reflected waves generates stationary 

torsion waves. They are characterized by  the existence of ventras and nodes with the 

specification that it is the nodes that generate the anti-resonance regime. It is noticed that at low 

frequency the torsion receptance is monotonously decreasing, which shows that the torsion 

vibration regime of the driving wheelset is dominated by the rigid mode of vibration. 

 
Fig. 3. Influence of the wear condition of the wheel on the torsion receptance of the driving wheelset 

 next to wheel 1.  

 

During the operation of the locomotive, its wheels wear out, the diameter shrinks and 

the mass of the wheel becomes smaller and, as a consequence, the axial inertia moment is 

reduced. Figure 3 shows the torsional receptance of wheel 1 for three dimeter values: 1250 mm 

– new wheel, 1210 mm – semi-wheel and 1170 mm – wheel at the wear limit. 

 
Fig. 4. Torsion reception of the driving wheelset next to the two wheels. 
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For the three wheel diameter values considered in the calculations, noticeable 

differences occur in the area of small and medium frequencies. Thus, in the case of wheels in 

new condition, the first resonant frequency is located at 54.5 Hz, as shown above.  If the wheels 

are semi-worn, then the first torsion resonance frequency of the driving wheelset increases to 

60.7 Hz, so that at the wheel wear limit, the first resonant frequency reaches 68.5 Hz. The 

receptance of the driven wheelset with worn wheels is higher in the range of rigid vibration 

mode. A similar tendency can also be identified  in the case of the second elastic mode of 

vibration. The frequencies of this torsion mode are: 494.5 Hz for new wheels, 503.8 for semi-

used wheels and 517.1 Hz if the wheels are at the wear limit.  

Due to the asymmetry of the driving wheelset given by the fact that the position of the 

toothed crown is closer to one of the wheels ('wheel 1'), the torsion receptances next to the two 

wheels are not identical (figure 4). 

Thus, it is observed that in the low frequencies domain, lower than the first resonant 

frequency, the torsion receptance at wheel 2 (further away from the toothed crown) is higher 

than the receptance of wheel 1, next to the toothed crown. However, as the frequency decreases, 

the two receptances become closer because the rigid torsion mode is not unbalanced – the 

wheels move the same way.  On the other hand, in the medium and high frequencies domain, 

the receptance of wheel 1 is higher than the receptance of wheel 2 over almost the entire 

frequency range under consideration. At the same time, wheel 2 has an anti-resonance regime 

at a frequency higher than that observed on wheel 1 and 124 Hz respectively.   

Changing the position of the toothed crown has the effect of altering the resonance 

frequencies of the wheelset.  Thus, if the toothed crown approaches the middle of the wheelset, 

the frequency of the first elastic vibration mode increases from 54,6 Hz for b = l/4, to 55,8 Hz 

for b = 3l/8 and reaches 56,3 Hz if the position of the crown is in the middle of the wheelset. 

The frequency of the second elastic vibration mode decreases from 545.6 Hz to 233.9 Hz and 

then to 190.8 Hz.  In the case of positioning the wheelset gear in the middle of it, the receptance 

are identical on the two wheels and have a single resonant tip, at 191 Hz. The explanation lies 

in the fact that the structure of the driving wheelset is asymmetrical as long as the toothed crown 

is not mounted in the middle of the wheelset and, due to this, the applied harmonic torque 

excites both symmetrical torsion modes, as well as antisymmetric ones. 

 

 

3.3. Mechanical model for the study of bending vibrations 
 

The mechanical model for the study of bending vibrations of the driving wheelset 

consists of a free Euler-Bernoulli beam of constant circular section, which has attached rigid 

bodies representing the two wheels and the wheelset gear (see Figure 5). 

The beam has its mass per unit of length equal to the linear mass of the wheelset model 

considered for the study of torsional vibrations, m = ρS, where ρ is the density of the material 

and S represents the cross-sectional area of the beam. Specific to the bending stress is the 

bending stiffness EIy, in which E is the longitudinal elasticity modulus, and Iy is the moment of 

inertia of the cross-section around the bending axis. The wheels have the concentrated mass Mr  
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and the moment of inertia around the  bending axis Jry, and the gear has the concentrated mass 

Mc  and the corresponding moment of inertia Jcy. Like the mechanical model for the study of 

torsion vibrations, the wheels are attached at a distance a from the ends of the wheelset, and the 

wheelset gear is located at a distance b from the left end of the wheelset. It is recalled that the 

distance between the nominal running circles of the wheels is 2e . 

When adopting the mechanical model of the wheelset, its variations in diameter were 

neglected as these variations have relatively small values. At the same time, the influence of 

the structural modes of vibration of the wheels, whose frequencies are much higher than the 

frequencies of the first two bending modes of the wheelset, has been neglected. The vertical 

forces Q1(t) and  Q2(t) are considered to act on the two wheels. 

The motion ecuction of the driving wheelset is:  
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            (3.2) 

 

 
Fig. 5. Mechanical model for the study of bending vibrations. 

 

The method of modal analysis is then applied.  For the study, the first two rigid modes 

of vibration and the first two elastic modes of vibration are considered. The first rigid mode 

together with the first elastic mode of vibration are symmetrical modes, and the second rigid 

mode of vibration along with the second elastic mode of vibration are asymmetric modes of 

vibration. 

 



10 

 

 

3.4. Bending frequency response of the driving wheelset 

 

In this section are analyzed the receptation diagrams obtained for the driving wheelset 

of the LEMA locomotive. By solving the characteristic equation, it is obtained the following 

natural bending frequencies of the driving wheelset: 80.3 Hz and 213.1 Hz. 

In both excitation modes, the receptation diagram (Figure 6) shows the two resonant 

frequencies corresponding to the elastic bending modes, the first mode is symmetrical and has 

the resonance frequency at 80,3 Hz, and the second mode is antisymmetric with the resonance 

frequency at 213,1 Hz, and the receptation at wheel 2 is higher than that calculated next to 

wheel 1 because the centre of mass of the driving wheelset is closer to wheel 1. 

 
Fig. 6. Bending receptance next to the wheels – symmetrical excitation. 

 

 
Fig. 7. The bending receptance at the right wheel for different degrees of wear – symmetrical excitation. 

 

Unlike the torsion vibration of the driving wheelset, where the two receptance approach 

each other at low frequencies because the rigid torsion mode is not unbalanced, as are the elastic 
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torsion modes, in the case of bending of the driving wheelset it is found that even at low 

frequencies there is a differentiation between the calculated receivers for the two wheels. The 

explanation lies in the fact that the bending of the wheelset has two rigid modes of vibration, 

the bounce and the pitch, and due to the inertial asymmetry they are excited together regardless 

of whether the excitation is symmetrical or antisymmetric. 

As the diameter of the wheels is reduced, the bending receptances next to the wheel 

increases because the inertia of the driving wheelset in its assembly is less as a result of the loss 

of mass (see Fig. 7). Consequently, the resonant frequencies of the elastic bending modes of 

the driving wheelset are found at higher values. Thus, if for wheels in new condition, the 

resonant frequencies are at 80,3 Hz and 213,1 Hz, as stated above, these frequencies reach 87,1 

Hz and 231,8 Hz respectively, if the wheels are semi-worn, and at 94,8 Hz and 253,6 Hz, when 

the wheels are at the wear limit.   

As long as the toothed crown has an eccentric position in relation to the wheelset, both 

symmetrical vibration and antisymmetric vibration modes are excited regardless of the 

excitation mode applied to the wheels of the driving wheelset.  When the toothed crown is 

mounted in the middle of the wheelset, the symmetric excitation mode only excites the 

symmetrical mode of vibration whose resonant frequency is at 76,58 Hz, and the antisymmetric 

excitation mode only excites the antisymmetric vibration mode that has the resonance frequency 

at 212,82 Hz. Consequently, the vibration regime of the driven wheelsey is lower if it has a 

symmetrical construction. 

 

 

4.  The study of vertical vibrations 

 

In this chapter the vertical vibrations of the driving wheelset are studied when driving 

at constant speed on an alignment and level track in the presence of surface irregularities.  

 The model of vertical interaction between the driving wheelset and the running track is 

presented, the equations of motion in the time domain are written, and then the equations of the 

permanent harmonic regime are deduced and the frequency response functions are calculated.  

 The mechanical model of the wheelset is that presented in the previous chapter, and 

with its help the rigid vibration mode of the wheelset is taken into account, as well as the first 

two elastic modes of the bending vibration. 

 As for the railway model, it is based on the model of the Euler-Bernoulli beam of infinite 

length leaning on a continuous foundation with two elastic layers. The beam represents the rail, 

and the elastic layers represents the elastic and damping properties of the rail pads and the balast 

bed. Between the two elastic floors is inserted a layer of evenly distributed mass type, without 

the possibility of taking over bending and shearing efforts, to take into account the inertial effect 

of the sleepers.  

A method of obtaining the amplitude spectrum of surface irregularities starting from the 

roughness level spectrum is developed. 

With the help of frequency response functions and the amplitude spectrum of surface 

irregularities, the amplitude spectra of the interest quantities of the vertical interaction model 
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are obtained: movement of the wheelset next to the wheels, displacement of the suspended mass 

above the wheels, rail displacements in the contact section and vertical contact forces. 

Four scenarios are analyzed depending on the wear state of the wheels and the elasticity 

of the rail pads and the influence of the inertial asymmetry of the driving wheelset on the 

vibrational regime is highlighted.   

Starting from the amplitude spectrum of vertical contact forces, their evolution in the 

time domain is synthesized with the help of the Fourier series, considering the initial phases of 

the spectral components as random functions with uniform distribution in the range [-π, π].  

Vertical contact forces between the wheels and the rails, in the form of pseudo-random 

time components, are the excitation factor  of a parametric nature at the longitudinal vibrations 

of the driving wheelset which are analysed in Chapter 5.  

 

 

4.1. Vertical vibration model 
 

Figure 8 shows the mechanical model for the study of the vertical vibrations of the 

driving wheelset which runs at a constant speed on a straight and leveled track in the presence 

of irregularities of the running surfaces of the rails.  

 

 
Fig. 8.  The model of the vertical vibrations of the driving wheelset and the railway.  

 

The model of the driving wheelset shown in the previous chapter is supplemented by 

the hanging mass of the bogie corresponding to a wheelset, the elements of the primary 

suspension and the wheelset boxes in order to evaluate the influence of these components of 

the running gear on the vertical vibrations of the driving wheelset.  

The model of the railway is represented by two infinite beams of constant section, each 

resting on a continuous foundation with two elastic layers and a layer of distributed mass. The 

beams shape the two rails, and the elastic layers of the continuous foundations introduce the 
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viscous-elastic properties of the rail pads and the ballast bed, while the distributed mass layer 

shapes the inertial effect of the sleepers.  

The coupling of the movements of the rails by means of sleepers is neglected due to the 

appreciable distance between the two rails and the damping effect introduced by the ballast bed. 

At the same time, the influence of parametric excitation that occurs due to the fact that the 

sleepers are mounted at regular intervals is neglected, which leads to a change in the rigidity of 

the track along the distance between two sleepers. This type of excitation most influences the 

dynamic response of the rail in the resonant frequency range of  the first way of bending the 

rail on the sleepers, which occurs around 1000 Hz, depending on the type of rail and the distance 

at which the sleepers are mounted.  

According to the literature, the model used in this paper can be applied to simulate 

phenomena with a frequency of up to 6-700 Hz, thus covering the frequency range specific to 

the phenomena of interaction between the driving wheelset and the running path at the adhesion 

limit.  

The model of the driving wheelset consists of a uniform wheelset beam, to which 5 rigid 

bodies corresponding to the wheels, the toothed crown and the wheelset boxes are attached. On 

the wheelset rests the suspended part of the bogie afferent to the wheelset that is shaped by a 

rigid body with two degrees of freedom, vertical translation – bounce and pitch around the 

longitudinal axis. The suspended mass is resting on the elements of the primary suspension 

which is represented by two Kelvin-Voigt-type systems; it should be noted that a Kelvin-Voigt 

system is made up of an elastic element that works in parallel with a viscous damping element.  

The model adopted to the track shall be applied in conjunction with the model of 

movement of surface irregularities whereby the movement of the wheel is replaced by the 

movement of irregularities of the running surfaces, the wheel occupying a fixed position in 

relation to the track. The interaction force between the wheel and the rail has fixed support, 

which simplifies the calculation. This treatment is justified because the running speeds taken 

into account (about 70 km/h) are much lower than the propagation speed of the elastic waves 

through the rail and therefore do not affect practically the dynamic response of the rail. 

The mathematical model of the vertical vibrations of the driving wheelset and the track 

must be supplemented by the equation of the contact between the wheels and the rails describing 

the link between the contact force, the contact deformation and the tread irregularities near the 

contact. Contact rigidity is calculated by linearizing hertz's nonlinear contact relationship. 

Starting from the spectrum of the roughness level which, as a rule, is represented for 1/3 

octave intervals of the wavelength, one can synthesize the amplitude spectrum of roughness 

and then be introduced into the equations of the model. As regards the phase spectrum of rough-

ness, it can be synthesized on the basis of a series of random values contained in the range [– 

π, π].  Once the amplitude and phase spectra of roughness have been synthesized, these spectra 

are introduced in the form of a complex mode in the equations to obtain the spectra of the 

quantities of interest, namely the vertical contact forces, the displacement of the wheelset in 

any section of it, the displacement of the suspended mass and the displacement of the rails in 

the sections of contact with the wheels. 
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4.2.  Analysis of the vertical vibrations regime 
 

In this section is presented the analysis of the vertical vibration regime of the driving 

wheelset when driving on track with irregularities on the running surfaces. 

The frequency response functions of the elements of interest (model without damping), 

the displacements of the wheels and rails in the contact sections, as well as the vertical contact 

forces, are different from one wheel to another due to the asymmetry of the driving wheelset 

(Fig. 9).  

 

 

Fig. 9.  Frequency response functions (without damping): (a)  contact forces;  (b) the movement of rails; 

(c) the movement of the wheelset in front of the wheels;  (d) the movement of the suspended mass in front 

of the wheels. 

 

Damping turns resonances into amplitude resonances, and if the resonant frequencies 

are close, then the peaks of the amplitude resonances are merged (e.g. bouncing and pitch of 

the suspended mass on the primary suspension or bouncing and the pitch of the wheelset on the 

track). 

The effect of roughness on the vertical vibration regime of the driving wheelset and the 

track has been studied in correlation with the rigidity of the rail pads and the wear state of the 

wheels.  
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For the theme of this work, the most important is the vertical  force of contact, and that 

is why only this is still referred to. 

 

 
Fig. 10. Contact force spectrum: (a) at wheel 1; (b) on wheel 2;  —, new wheel — elastic rail plate;  - new 

wheel — rigid  rail plate; - worn wheel - elastic rail plate;  - worn wheel– rigid rail plate. 

 

The amplitude spectrum of the vertical contact force (Figure 10) shows local highs and 

lows as follows. The local maximums of the vertical contact force correspond to the bouncing 

and pitch of the suspended mass of the bogie on the primary suspension, to the rigid modes of 

vibration of the wheelset on the track and to the anti-resonance regime of the rail, the frequency 

of the last being influenced by the rigidity of the rail plates. The local minimums of the vertical 

contact force are next to the resonant frequencies of the bouncing - pitch movements of the 

suspended mass that are coupled with those of the driving wheelset and the low and high 

resonance frequencies of the rail.  

In the range of low frequencies, lower than the resonant frequency of the rigid modes 

of vibration of the wheelset on the track, the vertical contact force is greater if elastic rail plates 

are mounted in the track. At higher frequencies, however, the situation is reversed in the sense 

that the vertical contact force is lower in the case of elastic rail plates.    

 The wear condition of the wheels of the driving wheelset has less influence on the 

vertical contact forces. It may be noted, however, that at frequencies below the resonant 

frequency of the rigid modes of vibration of the wheelset on the track, running with new wheels 

is accompanied by relatively higher vertical contact forces. 

 
Fig. 11.  Synthesis of vertical contact forces: wheel in the new state - track with elastic rail plates:  

—, wheel 1; —, wheel 2. 
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 Based on the spectral components of the vertical contact forces, it is possible to 

synthesize their variation over time as shown in figures 11 and 12, as example. Figure 11 shows 

the variation over time of the vertical contact forces in the event that the driving wheelset has 

wheels in its new condition and is running on a track fitted with elastic rail plates, and Figure 

12 shows the contact forces for the same driving wheelset but moving on a track with rigid rail 

plates. 

 

 

Fig. 12.  Synthesis of vertical contact forces: wheels in the new state - track with rigid rail plates; 

—, wheel 1; —, wheel 2. 

 

 
Fig. 13.  Amplitude spectra of vertical contact forces (wheels in the new state): (a) wheel 1 – elastic wafers; 

(b) wheel 2 - elastic wafers; (c) wheel 1 - rigid plates; (d) wheel 2 – rigid plates; —, spectrum calculated on 

the basis of the sequence over time; ;  —, spectrum resulting from frequency analysis. 
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 The differences between the vertical contact forces acting on the two wheels shall be 

observed. In addition, the amplitude of vertical contact forces is higher in the case of running 

on a track with rigid rail plates, and this is in line with the results obtained from the analysis of 

the amplitude spectra presented above.  

 Figure 13 shows the amplitude spectra of the contact forces obtained by Fourier analysis 

of the time sequences shown in Figures 11 and 12. For verification, the amplitude spectra of 

vertical contact forces obtained from frequency analysis (see Fig. 10) are also presented. It is 

noted the good concordance between the results obtained by the two methods of calculation.  

 

 

5.  Study of longitudinal vibrations of the driving  

system of the driven wheelset 
 

In this chapter is presented the model of longitudinal vibrations that develop in the drive 

system of the driving wheelset when a locomotive is running at the adhesion limit and the 

phenomena specific torsion and rebound vibrations are analyzed. 

 The longitudinal vibration model comprises the driving wheelset with the elastic driving 

system and the rotor of the electric traction motor, including the torsion shaft and the reducing 

gear through which the motor torque is transmitted to the wheelset wheels. The driving wheelset 

is driven by a three-phase asynchronous short-circuit rotor motor working in stationary mode. 

Thus, the supply voltage and its frequency are constant, and the torque applied to the rotor 

depends only on the sliding of the motor according to its mechanical characteristic. The 

interaction between the driving wheelset and the track is manifested at the level of contact 

between the wheels and the rails by the vertical contact forces that have been calculated with 

the model shown in Chapter 4, and by the frictional forces on the periphery of the wheels for 

which Polach's model was adopted. 

The nonlinear equations of torsion and rebound vibrations of the driving wheelset and 

drive system, which manifest as disturbances in relation to the stationary regime, are inferred.   

 The stability of the stationary regime of the drive system of the driving wheelset 

corresponding to the nominal operating regime of the electric motor according to the 

locomotive's traction characteristic and in correlation with the variability of the friction 

coefficient between the wheels and the rails due to the state of the contact surfaces (dry/wet 

surfaces) is analyzed. For this, the nonlinear equations of the stationary regime are deduced to 

calculate the values of its state parameters (equilibrium position). Then the linearized equations 

that describe the small disturbances around the stationary regime are inferred in order to identify 

its stable configurations. Stable configurations are identified based on the calculation of 

eigenvalues of the matrix of linearized equations rewritten in the form of equations with 

ordinary derivatives of the first order.  Continue with nonlinear stability analysis based on the 

Hopf fork diagram.  

The regime of longitudinal vibrations induced by the variation of vertical contact forces 

caused by the presence of irregularities on the running surfaces is studied. The influence of the 
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damping of the guide system and the elastic coupling between the torsion shaft and the reducer 

gear on the traction performance of the driving wheelset is emphasized.    

   

 

5.1. Model of the longitudinal vibrations of the driven wheelset 
 

Figure 14 shows the overall outline of the mechanical model of the driving wheelset and 

the drive system running at constant speed V on an straight and level track. 

 

 
Fig. 14.  Mechanical model of the interaction between the driving wheelset and the running track. 

 

The drive system of the driving wheelset is of a one-sided type and consists of the rotor 

(1) of the electric traction motor which, by means of the assembly of the elastic shaft – coupling 

(2) and the reducer formed by the sprocket (3) and the toothed crown (4), transmits the motor 

torque Cm to the driving wheelset (5). The driving wheelset, which consists of the wheelset, 

wheels, wheelset boxes and geared crown, is driven elastically by a rigid movable base 



19 

 

representing the chassis of the bogie and supports its part of the suspended mass by means of 

the primary suspension.  

The running track is represented by the two rails, each working independently on a 

continuous foundation with two elastic layers and an intermediate inertial layer.   

Vibration regim is manifested both in the form of vertical vibrations and in the form of 

longitudinal vibrations. Vertical vibrations are induced by tread irregularities, while 

longitudinal vibrations are generated, on the one hand, by variations in motor torque and, on 

the other hand, by variations in vertical contact forces. In other words, vertical vibrations are 

independent of longitudinal ones, while the latter are conditioned by vertical vibrations.  

With the specification that the vertical vibration regime was treated in Chapter 4 

resulting, inter alia, in vertical contact forces in the form of time functions, only the regime of 

longitudinal vibrations, namely the torsion and reboung vibrations of the driving wheelset and 

the actuator system, is still treated.  

The driving wheelset model for torsion vibrations is identical to that shown in Chapter 

3. The elastic guidance of the wheelset is shaped by a Kelvin-Voigt system. The rotor, sprocket 

and crown are shaped by rigid bodies in rotational motion, and the elastic shaft is represented 

by a torsional spring.  

The parameters associated with torsion and rebound vibrations are: (a)  the driving 

wheelset: the length of the wheelset l, the mass per unit of length equal to m = ρS, where ρ is 

the density of the material and S represents the mean area of the cross-section of the wheelset, 

the rigidity at the GIp torsion, in which G  is the transverse modulus of elasticity, and Ip is the 

polar inertia moment of the cross-sectional middle section, the moment of axial inertia of the  

wheel Jxr, the moment of axial inertia of the toothed crown Jxc, the distance between the wheels 

and the ends of the wheelset a, the distance between the gears and the close end of the wheelset 

b, the distance between the wheels 2e;  (b) actuation system: moment of inertia of the rotor Jm, 

moment of inertia of the sprocket Jp, torsion stiffness of the elastic shaft assembly — coupling 

ka and constant damping constant corresponding to ca;  (c) wheelset conduction system: ky 

stiffness and damping constant cy. 

The following assumptions shall be adopted: 

a) In the equilibrium position, the vertical contact forces are equal on the two wheels 

of the driving wheelset; 

b) The influence of the electro-magnetic circuit of the motor on the motor torque is 

neglected – the motor works only according to its mechanical characteristic; 

c) Frictional forces are calculated according to Polach's simplified relationships [based 

on Kalker's theory 

d) The meandering motion of the driving wheelset is neglected because its frequency 

is much lower than the frequencies of longitudinal vibrations of torsion and rebound; 

e) The effect of the secondary suspension is neglected, and the influence of the 

locomotive box is reduced to its weight for a similar reason to the one above; 

f)  The torsion vibration of the driving wheelset is reduced to the rigid vibration mode 

and the first two elastic modes; 
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g) The effect of the forces induced by the transmission of the motor torque on the load 

of the driving wheelset shall be neglected; 

h) The wheelset load shall be considered not to be affected by the locomotive's 

bouncing;  

i) Neglect losses in the traction gear. 

The following are inferred the nonlinear equations of motion that describe the torsion 

vibrations of the drive system of the driving wheelset and the rebound vibrations of the driving 

wheelset connected by the elastic guiding system to the bogie frame. They depend on the motor 

torque applied to the rotor and the frictional forces on the periphery of the wheels that are calculated 

in the next two sections. 

 

 

5.2. Motor torque 
 

In this section is shown how to calculate the motor torque according to the angular 

velocity of the rotor of the electric traction motor for use in the model of longitudinal vibrations 

of the driving wheelset. The relationship between the motor torque and the angular velocity of 

the rotor defines the mechanical characteristic of the electric traction motor.  The mechanical 

characteristic of the three-phase asynchronous motor is used.  

 

 

5.3. Frictional forces 

 

 Considering that the normal contact force is approximately equal to the vertical contact 

force because the angle of contact between the wheel and the rail is small, the frictional forces 

acting on the two wheels can be calculated. 

 

 

Fig. 15. Simulation of the variability of the wheel-rail friction coefficient: (a) dry surfaces; (b) wet 

surfaces; — ms = 0,25;  — ms = 0,35,  — ms = 0,45; — ms = 0,55,  ms – static coefficient of friction. 

 

Appling Polach's model which is recommended to be used in the dynamics of traction 

vehicles. This model has the advantage that it is simple to apply and offers good calculation 
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accuracy. At the same time, the model allows to simulate the variability of the coefficient of 

friction between the wheels and the rails depending on the state of the treads (dry/wet) (fig. 15).  

 

 

5.4. Stability of the stationary regime 

 

The first stage of the analysis of the longitudinal vibrations of the drive system of the 

driving wheelset is aimed at calculating the values of the parameters of the stationary regime 

and determining its stability. The stationary regime is defined as the regime in which the state 

sizes do not vary over time except for the components that define the reference state.  The drive 

system of the driving wheelset is stable if, in the absence of excitation factors, the free 

longitudinal vibrations associated with a particular stationary regime decrease over time. If, 

however, the free vibrations increase, then the system is unstable.  

The issue of the stability of the drive system of the driving wheelset is very important 

for the proper functioning of the locomotive. The instability of the drive system of the driving 

wheelset is manifested in the form of stick-slip vibrations that induce variations in the traction 

force and high loads throughout the motor torque transmission chain, thus affecting the fatigue 

resistance of the entire system. Stick-slip vibrations cause wear of the treads of the wheels and 

rails, as well as wear of the traction gear.  

From the nonlinear equations of motion are inferred the equations of the stationary 

regime which are nonlinear algebraic equations that can be solved by applying the Newton-

Raphson method.  Rewrite the nonlinear equations of motion so that they describe the 

perturbated motion around the stationary regime, and then proceed to their linearization.  

Linear stability analysis is based on the calculation of the matrix values of the system 

of linearized motion equations rewritten in the form of first-order differential equations. Array 

eigenvalues can be complex-conjugated or real because matrix terms are real numbers. The 

stationary regime of the drive system of the driving wheelset is stable if all the eigenvalues have 

the negative real side – the system is asymptotically stable, and the amplitude of movement 

around the equilibrium position decreases continuously. If at least one natural value has the 

positive real part, then the system is unstable, and the amplitude of motion increases 

exponentially depending on time. At the limit, when a pair of complex-conjugated eigenvalues 

have no real part, the system is simply stable, the amplitude of the free oscillations is constant. 

 

 

5.5. Solution of the nonlinear equations of the system  

drive of the driving wheelset 

 

In this section is presented the method of solving the nonlinear equations of the drive 

system of the driving wheelset that describe the longitudinal vibrations associated with a 

particular stationary regime. The specific aspects of nonlinear vibrations which are investigated 

in the section reserved for longitudinal vibration analysis are also established.   
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The system of nonlinear equations may have as a solution the equilibrium position 

obtained from the equilibrium equation between the motor torque at the toothed crown and the 

torque of the frictional forces. This equilibrium position is the stationary solution of the 

equations of motion. If the stationary solution is not stable, then the movement of the drive 

system of the driving wheelset takes the form of periodic movement. In other words, nonlinear 

and homogeneous motion equations admit periodic solutions known as limit cycles. Identifying 

limit cycles that manifest themselves in the form of stick-slip vibrations is important because, 

as has been shown, they have unfavourable effects on the traction performance of the 

locomotive and on the fatigue resistance of the entire traction system.  

Another interesting aspect from a theoretical and practical point of view is the study of 

the forced longitudinal vibrations of the drive system of the driving wheelset under the action 

of the vertical contact forces caused by the vertical interaction between the wheelset and the 

raceway. This type of excitation is of a parametric nature coming from the vertical interaction 

between the driving wheelset and the running track. The variation of the vertical forces leads to 

the variation of the frictional forces which thus induce a permanent regime of forced vibration. 

To study this vibrational regime, it is necessary that the vertical forces of contact wheel-rail, 

obtained on the basis of the model of the vertical interaction motor-track wheelset presented in 

the Chapter 4, to be introduced into the equations of the frictional forces. 

 

 

5.6. Analysis of longitudinal vibrations  
 

 In this section, based on the model of interaction between the driving wheelset and the 

running track shown in Chapters 4 and 5, the numerical results regarding the longitudinal 

vibrations of the drive system of the driving wheelset of the driving wheelset are analyzed.  

 

 
Fig. 16. The traction and braking limit characteristics of the LEMA locomotive. 
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The values of the numerical application correspond to the LEMA locomotive produced 

by SOFTRONIC from Craiova, which is equipped with asynchronous motor, whose traction 

characteristic is given in Figure 16.  The speed limit is 71.4 km/h. 

 

\  

Fig. 17 Illustrative for determining the stationary regime at V = 71,4 km/h. 

 

 
Fig. 18. Illustrative for determining the stationary regime at V = 71,224 km/h – dry running surfaces. 

 

Figure 17 shows the stationary regime of the driving wheelset at rated speed when 

travelling on dry/wet treads. The stationary regime shall be determined according to the 

creepage when the motor torque at the wheelset is balanced by the torque of the frictional forces. 

The figure also shows the nominal value of the wheelset motor torque corresponding to the 

traction limit characteristic (red line).  It is noted that it is not possible to achieve the nominal 

value of the motor torque regardless of the condition of the treads.  The explanation lies in the 

fact that when calculating the traction characteristic of the locomotive, the ideal conditions 

regarding the movement of the driving wheelsets were considered ideal without taking into 

account the influence of the effect of the creepage on the motor slip.  The timing of the drive 
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wheelset, without which the wheelset cannot develop traction force, causes the motor slip to be 

reduced, which explains why the motor torque transmitted to the wheelset is lower than that 

obtained from the locomotive's traction characteristic.  

In order to compensate for the decrease in motor slip due to creepage of the wheelset, it 

is necessary to decrease the rotational speed of the wheelset, that is, to reduce the speed of 

traveling. For example, Figure 18 shows the wheelset torque and the torque of the frictional 

forces in the case of dry running surfaces depending on the wheelset's creepage at a speed of 

71,224 km/h which is less than the nominal value. 

 

 
Fig. 19 Running speed at rated torque. 

 

Of course, this deviation of the speed of the nominal regime in relation to the ideal one 

(71.4 km/h) is insignificant. Figure 19, however, shows what happens if the wheel-rail friction 

coefficient takes values throughout the range shown in Figure 15. In the figure mentioned is 

represented the running speed at which the torque developed by the motor takes the nominal 

value according to different values of the wheel-rail static friction coefficient; it is recalled that 

the variability of the coefficient of friction is obtained by modifying the coefficient of static 

friction. The motor torque at the wheelset takes the nominal value at ever lower speeds if the 

static wheel-rail friction coefficient decreases and thus reaches the adhesion limit. In the case 

of dry running surfaces, the speed at which the nominal wheelset torque can be obtained 

decreases from 71,224 km/h for the maximum value of the wheel-rail static friction coefficient 

(to be obtained for mµ= 0,55) to 70,091 km/h corresponding to the adhesion limit (mµ = 0,307). 

If the treads are wet, then speed reductions are much more important. 

 The driving wheelset converts the motor torque into traction force and the rotational 

movement into translational motion. The traction force occurs as a result of friction between 

the wheels and the rails due to the creepage effect of the wheelset on the track, and for this 

reason the conversion of the motor torque into traction force is made on account of the losses 

that occur. The mechanical effectiveness of the wheelset is reflected in its efficiency defined as 

the ratio of useful power to the power consumed. 
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For a given stationary regime, the efficiency of the driving wheelset depends solely on 

the creepage corresponding to that stationary regime in the sense that the reduction in efficiency 

is equal to the increase in creepage. As the size of the creepage depends on the condition of the 

treads, being larger if the treads are wet, it follows that for these conditions the efficiency of the 

driving wheelset is affected. At the same time, the efficiency decreases as the adhesion 

conditions worsen, respectively the wheelset approaches the adhesion limit (fig. 20). 

 

Fig. 20. Wheelset efficiency.   

 
Fig. 21. Stability of the stationary regime at the adhesion limit to V = 70,10097 km/h and mµ = 0,307365 

(dry surfaces): (a) stationary regime; (b) wheelset recoil.   

 

The linear stability analysis shows that, neglecting the damping of the elastic coupling 

between the torsion shaft and the reducing gear, as well as the damping of the wheelset driving 

system, at the adhesion limit,  the driving wheelset is at the stability limit, regardless of whether 

the treads are dry (fig.  21) or wet (fig.  22); the regime at the adhesion limit is simply stable. 

Under the same damping conditions, the stationary regimes located on the ascending (stable) 

branch of the friction force curve as a function of the sliding rate (see Fig. 23) are asymptotically 

stable (Fig. 24 for dry surfaces and fig.  25 for wet surfaces), and those on the descending branch 

(unstable) are unstable (fig.  26). The stable/unstable character of the stationary regimes is 

explained by the contribution of the dynamic component of the friction force that may introduce 
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positive or negative damping depending on the branch on which the stationary regime is located 

(see Fig. 23). 

 

 
Fig. 22. Stability of the stationary regime at the limit of adhesion to V = 66, 56882 km/h and mµ = 0,32173 

(wet surfaces): (a) the stationary regime; (b) wheelset recoil.   

 

 
Fig. 23. Explanatory concerning the variation of the frictional force as a function of the wheel-rail sliding 

speed.  

 

 
Fig. 24. Stability of the stationary regime at V = 70,9328 km/h and mµ = 0,35 (on dry surfaces):  
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(a) the stationary regime; (b) wheelset recoil.  

 

Fig. 25. Stability of the stationary regime at V = 69,9613 km/h and mµ = 0,40 (wet surfaces):  

(a) the stationary regime; (b) wheelset recoil.   

 

 
Fig. 26. Stationary regime when the adhesion limit is exceeded and the limit cycle at V = 70,10097 km/h 

and mµ = 0,25 (dry surfaces): (a) stationary regime: -, motor torque at wheelset;  - torque of the frictional 

forces,  - actual torque, (b) limit cycle (initial recoil 1%∙yo).   

 

 

Fig. 27. Wheelset motor torque – torsion limit cycle: (a) variation over time; (b) the spectrum of 

amplitude; - instantaneous value,  - value, mean value, mean value, stationary value. 
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The analysis of the nonlinear stability of the unstable stationary regimes (located on the 

unstable branch) showed that, in the absence of any depreciation, two stable limit cycles called 

torsion and rebound limit cycles  are possible. 
 

 

Fig. 28 Torque of frictional forces – limit cycle of torsion: (a) variation over time; (b) the spectrum of 

amplitude; - instantaneous value/amplitude,  - mean value, mean value, mean value, stationary value. 

 

The limit cycle of torsion is the frequency close to the resonance frequency of the first 

elastic torsion mode of the driving wheelset. It is characterized by the fact that it is accompanied 

by significant armonic components of the motor torque (fig.  27) and of the torque of the 

frictional forces (fig. 28) that may affect the mechanical strength of the wheelset.  

The rebound limit cycle develops practically at the resonant frequency of the rebound 

movement of the wheelset connected by the elastic guiding system to the bogie frame and is 

manifested by very large oscillations of the traction force (fig. 29); the static load on the wheel 

is 100 kN. 

 
Fig. 29 Variation of the traction force - the limit cycle of rebound; 

- the instantaneous value,  - the mean value. 
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The existance of limit cycles is justified by the fact that an energy balance is reached 

between the accumulated energy and that dissipated during a period of the dynamic component 

of the frictional force which has a negative or positive dampening effect depending on the 

branch of the friction force curve on which it works. 

 

 
Fig. 30. Hopf bifurcation: (a) the degree of damping of the elastic coupling; (b) the degree of depreciation 

of the wheelset gui system; torsion limit cycle: ∙∙∙∙∙∙∙∙, without damping, •, with damping; the rebound limit 

cycle: ∙∙∙∙∙∙∙, without depreciation, •, with depreciation. 

 

 
Fig. 31. Hopf bifurcation for equal degrees of damping; torsion limit cycle: ∙∙∙∙∙∙∙∙, without 

damping, •, with damping; the rebound limit cycle: ∙∙∙∙∙∙∙, without depreciation, •, with depreciation. 

 
The damping of the elastic coupling or that of the wheelset steering system limits the 

areas in which the limit cycles may exist as shown by the Hopf bifurcation diagrams in Figure 

30.  In diagram (a), the configuration of the bifurcation according to the damping degree of the 

elastic coupling is shown, the damping of the wheelset guidance system being zero, while in 

diagram (b), the Hopf diagram is constructed for several values of the damping degree of the 

wheelset conduction system, neglecting the damping from the elastic coupling. The two 

diagrams contain the limits of the limit cycles calculated for the undamped system. The 

bifurcation point of the Hopf diagram having as its parameter the damping of the elastic 

coupling corresponds to the value 0,01 according to which the evolution of the wheelset drive 
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system can take either the form of the rebound limit cycle or the shape of the limit cycle of 

torsion (diagram (a)). At lower values of the degree of damping of the elastic coupling, the limit 

cycle of rebound does not develop, and at higher values, the limit cycle of torsion disappears. 

The Hopf diagram according to the damping of the wheelset guidance system looks different 

(diagram (b)), in the sense that over the entire range of values investigated, it is possible to have 

the limit cycle of torsion, but the limit cycle of rebounds occurs only at low depreciation values.   

 
Fig. 32. Hopf bifurcation for equal degrees of damping; torsion limit cycle: ∙∙∙∙∙∙∙∙, without 

damping, •, with damping; the rebound limit cycle: ∙∙∙∙∙∙∙, without depreciation, •, with depreciation. 

 

 
Fig. 33 Demonstrative for stable asymptotic stationary regime (damping degrees 0,1): 

(a) wheelset rebound; (b) the trajectory of the phase. 

 

Moreover, if the wheelset drive system and the driving system are properly depreciated, 

then the unstable stationary regime becomes asymptotically stable (v. fig. 32 and 33). Figure 

32 shows the Hopf diagram considering the degrees of damping equal to 0,1. It is observed that 

the limit cycle of rebound occurs at low degrees of damping, while the limit cycle of torsion 

has a much wider range. Figure 33 shows the evolution of the rebound of the driving wheelset 

in relation to the stationary regime over a time sequence of 30 s. It is noted that rebound tends 

to the null value, which signifies the asymptotic stable character of the system.    
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The last stage of the analysis of the longitudinal vibrations of the wheelset drive system 

concerns the regime of forced vibrations due to the variation of the vertical forces of contact 

wheel-rail as a result of the vertical interaction between the driving wheelset and the track. The 

variation of the vertical contact force changes the dynamic component of the frictional force 

respectively the component which, depending on the sliding speed between the wheel and the 

rail, generates positive or negative damping. Due to this aspect, the excitation caused by the 

variation of the vertical force is an excitation of a parametric type.   

It's interested in what happens in the grip boundary area when the motor is working at 

rated torque or close values. Therefore, the stationary regime analyzed above is considered 

when the variation of the vertical contact forces are those resulting in the case of rigid rail 

plates; the degree of damping is equal to 0,1 for the elastic coupling and the wheelset guidance 

system.  

 

 
Fig. 34. Variation of traction force and motor torque when driving on a track with rigid rail plates 

(damping degrees 0,1): (a) variation in traction force; (b) the amplitude spectrum of the change in the 

tractive force; (c) the motor torque at the wheelset; (d) the amplitude spectrum of the motor torque at the 

wheelset. 

 

 Figures 34 and 35 show the variation in the tractive force, the motor torque at the 

wheelset and the evolution of the frictional forces on the two wheels, as well as the amplitude 

spectra of these dimensions. The variation in the tractive force oscillates around the null, which 
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signifies that the average traction takes the value corresponding to the stationary regime. This 

is corroborated by the fact that the average of the wheelset motor torque also corresponds to the 

value of the stationary regime (24.36 kNm). The effective values of the variation of the traction 

force and the motor torque at the wheelset are: 1,337 kN and 0,351 kNm, respectively. The 

amplitude spectra of the variation in traction force and motor torque at the wheelset are 

dominated by 3 vertices. The most important is around the frequency of 20 Hz, a field in which 

the natural frequency of rebound motion (19.8 Hz) and the natural frequency of the rotor and 

elastic shaft system coupled with the driving wheelset (22.5 Hz). In the field of low frequencies, 

the vibration is dominated by the bouncing and pitch of the suspended part of the bogie (4-5 

Hz), while at high frequency,  a local maximum of the frequency spectrum occurs at more than 

200 Hz due to the anti-resonance regime of the rail which determines a peak in the amplitude 

spectrum of the vertical contact force. 

 

 
Fig. 35. Frictional forces when running on a track with rigid rail plates (damping degrees, 0,1):  

(a) on wheel 1; (b) the spectrum of amplitude; (c) on wheel 2; (d) the spectrum of amplitude. 

 

The frictional forces on the periphery of the two wheels have practically the same 

average value, but the effective values are different, higher on the wheel 1, 0,914 kN, and lower 

on the wheel 2, 0,800 kN. The amplitude spectrum of the frictional forces reproduces at scale 

the amplitude spectrum of vertical contact forces (see Fig. 13, § 4). Thus, there are the 

maximums due to the bouncing and pitch of the suspended mass of the bogie (4-5 Hz), the 
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resonance of the rigid vibration mode of the wheelset on the track (ca.  40 Hz) and the rail anti-

resonance regime (approx. 200 Hz).  

The fact that no peak is observed next to the natural frequency of the first wheelset 

torsion mode, but instead the peaks resulting from the vertical interaction between the driving 

wheelset and the running track are found shows that the differences between the frictional forces 

on the periphery of the two wheels are due to the vertical inertia asymmetry of the wheelset and 

not because of the inertial asymmetry of the wheelset at the torsion.  

 

 
Fig. 36. Variation of traction force and motor torque when driving on a track with elastic rail plates 

(damping grades 0,1): (a) variation of the tractive force; (b) the amplitude spectrum of the change in the 

tractive force; (c) the motor torque at the wheelset; (d) the amplitude spectrum of the motor torque at the 

wheelset. 

 

Figures 36 and 37 show the results of numerical simulations in case the wheelset runs 

on a track with elastic rail plates. It is recalled that obtained in Chapter 4, namely that the 

variation of the vertical contact forces is smaller compared to the situation where the rail plates 

are rigid. However, the effective value of the change in traction force (diagram (a) fig.  34) is 

greater than the value calculated when running the driving wheelset on the track with rigid rail 

pads, respectively 1,445 kN compared to 1,337 kN.  And as for the motor torque at the wheelset 

(diagram (c) fig.  36), the same situation is observed, the effective value is 0.374 kNm compared 
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to 0.351 kNm. Of course, the differences are not great, but apparently the results are 

contradictory.  

The amplitude spectra of the variation of the traction force and of the motor torque at 

the wheelset (diagrams (b) and (c), fig. 37) are similar to those obtained in the previous case, 

with the difference that this time the local peak at about 200 Hz no longer appears, but 

attenuation of the fall of the spectral amplitude occurs at the frequency of 150 Hz corresponding 

to the anti-resonance of the rail when it has elastic pads.  

Unlike the variation in traction force and motor torque at the wheelset, the frictional 

forces on the periphery of the wheels show lower effective values than those obtained in the 

case of rigid rail pads (diagrams (a) and (c), fig. 37). At the first wheel, the effective frictional 

force is 0,755 kN compared to 0,914 kN as it resulted in the case of the path with rigid rail pads, 

and on the second wheel, the effective value of the frictional force is 0,634 kN compared to 

0,800 kN.  

 

 
Fig. 37. Frictional forces when running on a track with elastic rail plates (damping degrees, 0,1):  

(a) at wheel 1; (b) the spectrum of amplitude; (c) on wheel 2; (d) the spectrum of amplitude. 

 

The amplitude spectra of the frictional forces (diagrams (b) and (c) shown in Fig. 54) 

have maximum values corresponding to the bouncing-pitch frequency of the suspended mass 

of the bogie (4-5 Hz), the resonance frequency of the rigid vibration mode of the track wheelset 

(approx. 36 Hz) and the rail anti-resonance frequency (approx. 150 Hz).  
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It is therefore noted that the resonance frequency of the rigid vibration mode of the 

wheelset is lower than in the case of rigid rail plates and is therefore closer to the natural 

frequency of wheelset rebound. As a result, the effectiveness with which the frictional forces 

excite the rebound of the wheelset is higher, which explains why, despite the fact that the 

frictional forces are smaller, the variation in the traction force has a higher effective value as 

shown above. 

The difference between the natural frequencies of rebound vibration and that of the rigid 

mode of vibration of the drive wheelset on the track for the longitudinal vibration of the driving 

wheelset is very important. To illustrate this, simulate the traction mode of the wheelset taking 

for rigidity of the wheelset conduction system the value ky = 60 kN/m. In this way, the rebound 

vibration's natural frequency reaches 34,4 Hz. For the rail pads, the stiffness corresponding to 

the elastic type plates is adopted.  

 
Fig. 38. Variation of traction force and motor torque when driving on a track with elastic rail pads 

(damping grades 0,1 and ky = 60 kN/m): (a) variation in traction force; (b) the amplitude spectrum of the 

change in the tractive force; (c) the motor torque at the wheelset; (d) the amplitude spectrum of the motor 

torque at the wheelset. 

 

Figures 38 show the results of the numerical calculation for this case. Variation of the 

tractive force (diagram (a), fig.  38) reaches amplitudes of almost 15 kN, a value much higher 

than the amplitudes encountered in previous cases. The effective value of the change in traction 

force is also higher than the effective value obtained in the basic variant, namely 3,468 kN. The 

amplitude spectrum of the traction force variation is dominated by the amplitude resonance at 

ca. 36 Hz (diagram (b), fig.  38). Comparing the amplitude spectrum with that in the diagram 
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(b) of the fig.  36, it is observed, on the one hand, the displacement of the frequency as a result 

of the stiffening of the driving system of the driving wheelset, and on the other hand, the 

increase in amplitude as a result of the proximity to its natural frequency of the rigid mode of 

vibration of the wheelset on the track. 

 It is interesting that the stiffening of the wheelset steering system is practically without 

effect on the motor torque at the wheelset, as seen from the diagrams (c) and (d) of fig. 38 and 

the corresponding ones of fig.  36. The effective value of the motor torque is very close to what 

was obtained in the basic variant, 0.369 kNm compared to 0.374 kNm. There are no changes in 

the spectrum of motor torque either. The resonance of amplitude from ca. 20 Hz indicates under 

these conditions the connection between the variation in motor torque and the resonance 

frequency of the rotor and elastic shaft coupled with the wheelset by means of the gear.  

It is important to know the characteristics of forced longitudinal vibrations when the 

stationary regime is on the ascending (stable) branch of the friction force curve depending on 

the wheel-rail sliding speed. Figure 39 shows the variation in traction force and motor torque 

when the driving wheelset develops the rated torque (29,443 kNm) when running on dry 

running surfaces. The static friction coefficient is mµ = 0,55 and the running speed is 71,2241 

km/h, conformed as shown in Figure 19. The values of the wheelset drive system parameters 

are the basic ones. The track is provided with elastic rail pads. 

 
Fig. 39 Variation of the tractive force and motor torque when driving on a track with elastic rail pads, dry 

running surfaces, mµ = 0,55, V = 71,2241 km/h (damping degrees: 0,1): (a) variation of the tractive force; 

(b) the amplitude spectrum of the change in the tractive force; (c) the motor torque at the wheelset; (d) the 

amplitude spectrum of the motor torque at the wheelset. 
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Characteristic of the stationary regimes located on the stable branch of the friction force 

curve is the fact that the variation of the frictional force has only a positive damping effect, 

which contributes to the attenuation of the vibration regime of the wheelset. Thus, the effective 

values of the variation of traction force and wheelset motor torque reach only 0.177 kN and 

0.073 kNm respectively. Comparing these values with those obtained under similar traffic 

conditions, but at the stationary regime located on the unstable branch of the friction force 

curve, there is a decrease of more than 8 times in the variation of the traction force and a 

reduction of more than 5 times in the variation of the motor torque.  

Due to the increase in depreciation due to the positioning of the stationary regime on 

the stable branch of the friction force curve, the amplitude spectra (diagrams (b) and (d) of 

Figure 39) change significantly, showing different shapes in relation to those obtained 

previously (see Fig. 36 diagrams (b) and (d)).  

On the one hand, the amplitudes of the spectral components are greatly reduced 

compared to the previous situation when the stationary regime was positioned on the unstable 

branch of the friction force curve. On the other hand, there is a change in the 'hierarchy' of 

amplitude resonances in the sense of diminishing the importance of the amplitude resonance of 

the wheelset recoil and increasing as a share of the amplitude resonance due to the salting of 

the suspended mass of the bogie and the resonance of the rigid mode of vertical vibration of the 

wheelset by the way.  

 
Fig. 40. Variation of traction force and motor torque when driving on a track with elastic rail plates, wet 

running surfaces, mµ = 0,55, V = 70,7122 km/h (damping degrees: 0,1): (a) variation of traction force; (b) 

the amplitude spectrum of the change in the tractive force; (c) the motor torque at the wheelset; (d) the 

amplitude spectrum of the motor torque at the wheelset. 
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If the treads are wet, then the positive damping effect of the variation of the frictional 

forces induces is lower as the slope of the friction force curve as a function of the sliding speed 

is lower as seen in Figure 15. As a result, the regime of the longitudinal vibrations of the driving 

wheelset is more intense as can be seen in Figure 40 showing the variation of the traction force 

and the motor torque at the wheelset when running on wet running surfaces (mµ = 0,55). The 

running speed is 70.7122 km/h and ensures the achievement of the nominal torque of the motor, 

29,443 kNm. The effective value of the traction force variation is 0,515 kN and the effective 

value of the motor torque is 0,186 kNm, values much higher than those obtained in the case of 

dry running surfaces under the same conditions (mµ = 0,55 and the motor torque = nominal 

torque): 2,9 times higher for the variation of the traction force and 2,5 times higher for the 

effective value of the motor torque at the wheelset. 

 

 
Fig. 41.  Effective values of the tractive force and wheelset motor torque variation:  

  

 The way in which the condition of the treads influences the longitudinal vibration 

regime at the adhesion limit is shown in Figure 41. The conditions allowing the development 

of the nominal motor torque for dry and wet treads were considered to be the conditions that 

allow the development of the rated motor torque. It is noted that as the coefficient of static 

friction decreases and the driving wheelset reaches the adhesion limit, the effective values 

describing the intensity of the vibration regime increase greatly, more than 3 times in the case 

of traction force variation on wet surfaces and 9 times in the case of dry running surfaces. 

Effective motor torque values increase by more than 2 times when running on wet surfaces and 

almost 6 times for dry treads.  

It is interesting that at the limit of adhesion, the condition of the treads does not influence 

the intensity of the longitudinal vibration regime. The explanation lies in the fact that regardless 

of the condition of the treads (dry/wet), the effect of the frictional force variation is the same as 

the slope to the frictional force curve is zero. 
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6. Experimental determinations 

 

 In this chapter are presented three experimental determinations, two being made on 

stands from the Department of Railway Vehicles of the Faculty of Transport, POLITEHNICA 

University of Bucharest, and the third determination was made with an electric locomotive LE 

5100 kW. These determinations are designed to validate the models used in this thesis.  

A first set of tests were aimed at validating the model for the study of torsion vibrations 

of the wheelset. For this, the unitary efforts in the body of an wheelset model subjected to 

torsion deformation due to priming the phenomenon of stick slip were determined. On this 

basis, the natural torsion frequency of the wheelset model was determined and this was 

compared with the theoretical result obtained by applying the model elaborated in chapter 3 to 

the characteristics of the wheelset model.  

The second set of tests concerned the validation of the model of the mechanical 

characteristic of a three-phase asynchronous electric motor. A stand for determining the 

mechanical characteristic of a three-phase electric motor was designed and elaborated by the 

author of the work. The experimental results were compared with the theoretical results 

obtained using the motor torque calculation relationship taking into account the values of the 

parameters of the experimental motor.  

The third set of tests was carried out on the running of an electric locomotive while 

towing a freight train and consisted of measuring accelerations at the level of the locomotive's 

wheelset boxes. The purpose of these tests is to validate the model of vertical interaction 

between the driving wheelset and the track.   

 

 

6.1. Determination of torsion vibrations of 

 the driving wheelset 
 

The experimental determinations for the validation of the model for the study of torsion 

vibrations of a driven wheelset were made on a stand located in the Laboratory of Dynamics 

and Structures of the Department of Railway Vechicles of the Faculty of Transport, Politehnica 

University of Bucharest, the stand being illustrated in Figure 41. 

 
Fig. 42. Experimental stand for the determination of the torsion of the driving wheelset 
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The stand consists of a driven wheelset driven by a longitudinally arranged three-phase 

asynchronous motor, the motor torque being transmitted to the wheelset by a tapered gear with 

straight teeth and a drive shaft connecting the motor to the gear. The drive speed of the wheelset 

can be varied in two stages by changing the connection of the motor phases (star-triangle 

connection). The loading of the wheelset is carried out by means of two mobile rails provided 

with friction elements that are put in contact with the surface of the wheels. The contact force 

shall be modified by a hand-operated screw tightening system. The rail contact force on the two 

wheels shall be measured by a tensometric guage.  The measurement of the torsion moment in 

the driving wheelset is carried out by a full bridge consisting of four strain guage arranged in 

directions that make an angle of 45 degrees with the median axis of the wheelset. 

The excitation and actual measurement of the bridge is made by module NI 9219 

designed for voltage and current measurements in applications of resistive electrical 

tensometry, temperature measurements by means of thermocouple transducers and electrical 

resistance measurements.  The module is connected to the computer via the NI cDAQ 9174 

chassis.  Equipment control, recording and further processing of the results is carried out with 

a program developed in Matlab. 

 

 
Fig. 43. Tangential unit effort in the scale wheelset: (a) variation over time; (b) the amplitude spectrum. 

 

With the stand and the measurement system shown above, determinations were made 

for several values of the load of the driving wheelset layout and the output voltage from the 

measuring device was recorded. This is proportional to the specific deformation which in turn 

is proportional to the tangential unit effort from the recording of which a sequence is shown in 

Figure 43 (a).  

It is noted that the vibration has a relatively regular appearance characteristic of a 

boundary cycle. In order to find out the most important component of this limit cycle, Fourier 

analysis can be applied for the purpose of constructing the amplitude spectrum (see fig. 43 (b)). 

The amplitude spectrum of the tangential unit efforts has the most important spectral component 

at the frequency of 16,18 Hz.  

In order to validate the model and the simulation program presented in chapter 3 of the 

work, it is necessary to perform the numerical simulation using this time the geometric and 
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inertial  parameters of the wheelset model and compare the results obtained numerically with 

those obtained experimentally. 

The torsion receptance of the wheelset is shown in Figure 44, from which it is noted 

that the resonance frequency obtained is 16,8 Hz. This value is close to the experimentally 

determined frequency value (16,18 Hz).  

 
Fig. 44. Receptance of the driving wheelset obtained by numerical means 

 

The difference stems from measurement errors taking into account that the geometric 

parameters of the stand wheelset were measured with a certain degree of approximation, and 

the inertial parameters were determined using the Ansys program by approximate three-

dimensional modeling of the wheelset. In percentage terms, the difference between theoretical 

and experimental results is 3,7 % which allows the validation of the model developed for the 

study of torsion vibrations of the driving wheelset. 

 

 

6.2. Determination of the mechanical characteristic  

of the three-phase asynchronous motor 
 

To determine the mechanical characteristic of the three-phase asynchronous motor, a 

stand consisting of a three-phase asynchronous motor with 4 poles, whose mechanical 

characteristic is intended to be determined, drives a DC machine that works in dc current 

generator mode for charging the studied motor (fig.  45). 

 
Fig. 45. Stand asynchronous machine – DC machine. 
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For the operation and adjustment of the asynchronous machine, a static frequency 

converter is used, and the adjustment of the generator is carried out by varying the excitation 

current from a variable current source. 
 

 
 

Fig. 46. Measuring instruments used to determine the electrical operating parameters of electric 

machines. 

 
 

 
Fig. 47  Comparison of experimental and theoretical motor torque results according to the frequency of 

the supply voltage: (a) at 25 Hz; (b) at 45 Hz; (c) at 48 Hz; (d) at 50 Hz. 

 

The measurement of operating parameters is carried out as follows: the measurement of 

stabilized electrical parameters using multimeters, the speed is measured by means of a non-

contact digital tachometer, the temperature is measured with an infrared thermometer, and the 
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power factor is measured with a power factor meter. At the same time, the voltage and the line 

current are recorded with an oscilloscope. The measuring instruments used are illustrated in 

Figure 46. 

Figure 47 shows, for example, a part of the results obtained experimentally in 

determining the torque of the three-phase asynchronous motor asynchronous as a function of 

the speed at several frequencies of the supply voltage. The corresponding curves calculated 

using the theoretical model are also presented. 

Analyzing the results obtained, a satisfactory concordance can be observed: all the 

results have the same trend and the values are relatively close. The differences between 

calculated torque and determined torque are due to measurement errors - all instruments used 

to measure electrical parameters have a degree of error of up to 3%. Moreover, the torque 

actually developed by the electric motor was not determined directly, but indirectly on the basis 

of the calculation of the electric power absorbed by the motor from the frequency converter and 

on the basis of the efficiency curve of the motor (starting from the nominal value of the 

efficiency and the  universal characteristic of the efficiency of a three-phase asynchronous 

motor of low power). 

In conclusion, based on the above, the theoretical model of the three-phase 

asynchronous motor is validated by the results obtained experimentally.  

 

 

6.3. Measurement of vertical accelerations of driving wheelsets in 

electric locomotive LE 5100 kW 
 

The following are the results of the measurement of vertical accelerations at the level of 

the wheelset boxes of an electric locomotive LE 5100 kW, a determination made under real 

operating conditions, the locomotive being on the way and performing the service of towing a 

freight train.  
 

  
Fig. 48 Accelerometer located on the box of 

wheelset 4 of the locomotive. 

Fig. 49. Accelerometer located on the box of 

wheelset 6 of the locomotive. 
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The purpose of these experimental determinations is to validate the model of vertical 

interaction between the driving wheelset and the running track, as set out in Chapter 4. 

The equipment used for acceleration measurements is that presented in the experimental 

determination of the torsion vibrations of the driving wheelset, with the difference that the NI 

module used this time is specific to the measurement of piezoelectric accelerometers, and the 

effective measurement of accelerations was carried out using piezoelectric accelerometers. 

In order to carry out the measurements, accelerometres were fitted  to wheelsets 4 and 

6 of the locomotive as can be seen in figures 48 and 49. 

 
 

 
Fig. 50. Overview from the cab of station 2 driving  

 
The accelerometer signals are taken over by the National Instruments purchasing system 

(ni cDAQ 9174  chassis and ni 9234 modules attached), which is located inside the locomotive. 

The control and recording of data is carried out using a laptop located in driving post II of the 

locomotive (non-active post during the movement – see fig.  50). 

The recording of the speed at which the locomotive travels was done using a mobile 

terminal running the Android operating system and the BasicAirData GPS Logger application 

(application available free of charge in the Play Store), the data being used to correlate the 

records of the accelerometers with the speed of movement of the locomotive, correlation made 

after the recording. 

The route traveled by the locomotive during the determinations sums up a distance of 

157 kilometers and starts from Teleajen – Ploieşti to Roşiorii Nord area, via Ploieşti Sud, 

Ploieşti Triaj, Chitila, Chiajna, Grădinari, Videle. The route taken is shown in Figure 34. The 

maximum speed of travel was 70 km/h. 

Several measurements of accelerations at different speeds of traffic were carried out on 

different sections of the mentiones route. 
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For example, Figure 51 shows the accelerations measured at the wheelset boxes and on 

the bogie frame near wheelsets 4 and 6 during traffic at a speed of 66 km/h, a value close to 

that taken into account in this work. 

It is noted that the acceleration at the level of the bogie frame is noticedly lower than 

that at the level of the wheelset boxes, which can be explained by the filtering effect due to the 

primary suspension. Indeed, the effective acceleration values are as follows: 2,02 m/s2 at 

wheelset 4, 1,48 m/s2 at wheelset 6 and 0,38 respectively on the bogie frame above wheelset 4 

and 0,21 m/s2 at wheelset 6. 
 

 
Fig. 51 Acceleration measured at a speed of 66 km/h: (a) at wheelset 4; (b) at wheelset 6. 

 
For the study presented in this paper, the highest interest is the acceleration of the wheels 

that was measured at the level of the wheelset boxes. As the theoretical model takes into account 

a single driving wheelset, the comparison between theoretical and experimental results will 

concern the average of the accelerations measured at the level of the two wheelsets. 
 

 

Fig. 52. Illustrative for the comparison between the measured and calculated wheel accelerations. 

 

Figure 52 shows the average throttle spectrum measured at the two wheelsets and the 

throttle spectrum obtained using the vertical interaction model between the driving wheelset 
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and the running track shown in Chapter 4. The theoretical results were obtained from the 

calibration of the model parameters and excitation by the frequency analysis method.  

It is noted that there is a qualitative concordance between theoretical and measured 

results. In assessing that comparison, it must be taken into account that there are no 

experimental data on the properties of the track or on the level of irregularities in running 

surfaces.  

In conclusion, it can be appreciated that the theoretical model presented in this paper 

satisfactorily describes the phenomena of the vertical interaction between the driving wheelset 

and the track. 

 

 

7.  Conclusions, original contributions, and  

future directions of research 

 

The driving wheelset of electric traction railway vehicles are exposed to vertical 

vibrations caused by interaction with the running track in the presence of surface irregularities, 

vibrations which are liable to parametrically excite the longitudinal vibrations of the drive 

system of the driving wheelset and their elastic driving system.  

Taking into account the influence of vertical vibrations on the behavior of the driving 

wheelset gives a clearer picture of what happens when the traction vehicle is travelling on the 

track.  

The effects of these vibrations have an impact on the traction performance, especially 

when the vehicle is travelling at rated speed, the electric motor is operating at rated power and 

the friction between the wheels and the rails is at the limit of adhesion. This is the most 

important operating mode of a traction unit according to the traction limit characteristic.   

The study of the vibrations of the drive system of the driving wheelset and its driving 

system at the nominal mode of the traction limit characteristic shall highlight how the main 

design and functional parameters can influence the traction performance of the driving wheelset 

and allows, on this basis, to identify the possibilities for improving these performances.   

The doctoral thesis 'The study of the wheelset - track interaction in the railway traction 

vehicles' proposes a flexible and comprehensive model at the same time for the investigation of 

the phenomena specific to the real-life circulation of the driving wheelset at the nominal regime 

of the traction limit characteristic and makes important contributions through the better 

knowledge of the ways of improving the running apparatus of the traction vehicles. 

 

 

7.1.  Conclusions 

 

In constant-speed running on an straight leveled track, the longitudinal vibrations of a 

driving wheelset driven by an electric motor operating at standstill may be excited by variations 

in motor torque caused by the upper harmonics of the electro-magnetic field or by the variation 
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of vertical contact forces between the wheels and the rails as a result of interaction with the 

track. Considering only the second excitation mechanism, it follows that the study of the 

interaction between the driving  wheelset and the running track requires to be taken into 

consideration the bending and torsion vibrations of the driving wheelset.  

The interaction between the driving wheelset and the running track is conditioned by 

the mechanical properties of the two subsystems that determine their frequency response. 

 

Conclusions on the dynamic response of the driving wheelset. 
 
The driving wheelset equipping the railway traction vehicles are, as a rule, fitted with 

unilateral transmission and are driven by asynchronous short-circuit rotor electric motors. The 

unilateral transmission determines the asymmetry inertia of the driving wheelset both in terms 

of bending and torsion vibrations. 

The bending receptances of the driving wheelset is different next to the two wheels both 

in the case of symmetrical excitation and in the case of antisymmetric excitation, the bending 

receptation being lower to the wheel near which the geared crown is mounted due to its 

contribution.  

The torsion receptance of the driving wheelset to the wheel next to the geared crown is 

less than the receptance of the other wheel at frequencies lower than that of the first elastic 

torsion mode and higher, otherwise. 

By wearing out the wheels, the natural frequencies of the elastic vibration modes 

increase, and the receptance next to the wheels are reduced because the wheelset inertia, 

regardless of the type of vibration, is lower in the case of semi-exposed or worn wheels. 

The vibration modes of the driving wheelset are symmetrical and antisymmetric, and 

due to the inertial asymmetry of the wheelset, the two types of vibration modes are coupled 

with each other. 

Changing the position of the toothed crown has the effect of altering the resonant 

frequencies of the driving wheelset. If the crown is in the middle, between the wheels, the 

structure of the driving wheelset becomes symmetrical, and the symmetrical modes are 

decoupled from the antisymmetric ones. 

The bouncing and pitch vibrations of the bogie's suspended mass of the  driving 

wheelset are coupled with the rigid wheelset modes (bouncing and pitch) and cause the natural 

frequencies of the wheelset elastic bending modes to be reduced due to the inertia introduced 

by the suspended mass of the bogie. The damping of the primary suspension reduces the 

wheelset response both to its own bouncing and pitch frequencies resulting from the coupling 

of the suspended mass with the driving wheelset, and to the frequency of the first elastic bending 

mode. It is therefore recommended that, in general, the study model of the wheelset-track 

interaction should include the effect of the bogie's suspended mass and primary suspension. 

 

Conclusions on the dynamic response of the track 
 
The frequency response of the track expressed by the receptation of the rail in the range 

of 0 -6-700 Hz has two resonant frequencies, one low, at which the rail and sleepers vibrate in 
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phase, and the other high, where the rail and sleepers vibrate in antiphase. Between the two 

resonant frequencies, there is an anti-resonance frequency due to the dynamic absorbing effect 

of the sleepers in relation to the rail. At frequencies greater than 6-700 Hz, the receptation of 

the rail is influenced by the distance between the sleepers.  

Rail pads play a very important role in the dynamic response of the track through their 

rigidity and damping characteristics. In current practice, elastic or rigid rail pads are used, made 

of rubber or other materials with viscous-elastic properties.   

The use of rigid rail pads leads to the hardening of the track which translates into the 

reduction of the track receptation to low and medium frequencies. In addition, it increases the 

anti-resonance frequency and the high resonance frequency of the track, which makes that in 

the frequency range taken into account, the receptation of the rail is higher compared to the 

situation in which the rail pads are elastic. 

The dynamic response of the rail depends on the damping of the track components 

respectively on the damping introduced by the rail plates and the ballast bed. However, the 

results of the numerical simulations show the importance that the type of damping model has 

in terms of the theoretical value of the track receptation. The most common damping models 

are the proportional damping model and the hysterical damping model. The first model can be 

used for both frequency analysis and time analysis, but the results have a limited scope of 

accuracy as dissipated energy increases in proportion to frequency, which contradicts 

experiments that show a limited frequency dependency. The results obtained with the help of 

hysteretic damping are closer to the experimental ones, but this model, being a purely 

mathematical model in the sense that it describes the phase shift between force and 

displacement in the harmonic case, can only be applied in the frequency field.  

The parallel use of the two damping models shows that amplitude resonances occur at 

slightly different frequencies from one model to another, but the amplitude of the receptance 

changes significantly, which leads to the distortion of the frequency response. 

 

Conclusions on the vertical interaction of drive wheelset – track 
 
The system consisting of the suspended mass of the bogie, the driving wheelset, the 

elastic contact between the wheels and the track has the following resonances: two resonances 

due to the bouncing and pitch movements of the suspended mass on the primary suspension, 

two resonances corresponding  to the vibration of the wheelset as a rigid body on the track 

(bouncing - pitch) and three resonances  between the rail anti-resonance frequency and the high 

resonance frequency, corresponding to the elastic bending modes of the wheelset on the track.  

The frequency response functions of the elements of interest, the displacements of the 

wheels and rails in the contact sections, as well as the vertical contact forces, are different from 

one wheel to another due to the asymmetry of the driving wheelset. Damping turns resonances 

into amplitude resonances, and if the resonant frequencies are close, then the peaks of the 

amplitude resonances are merged (e.g. bouncing and pitch of the suspended mass on the primary 

suspension or bouncing and pitch of the wheelset on the track).  
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The effect of roughness on the vertical vibration regime of the driving wheelset and 

track has been studied in correlation with the rigidity of the rail pads and the wear state of the 

wheels.  

For the theme of this work, the most important interest is the vertical contact force, and 

that is why it is further referred only to it. 

The amplitude spectrum of the vertical contact force shows local highs and lows as 

follows. The local maximums of the vertical contact force correspond to the bouncing and pitch 

of the suspended mass of the bogie on the primary suspension, to the rigid modes of vibration 

of the wheelset on the track and to the anti-resonance regime of the rail, the frequency of the 

last being influenced by the rigidity of the rail plates. The local minimums of the vertical contact 

force are next to the resonant frequencies of the bouncing - pitch movements of the suspended 

mass that are coupled with those of the driving wheelset and the low and high resonance 

frequencies of the rail.  

In the range of low frequencies, lower than the resonant frequency of the rigid modes 

of vibration of the wheelset on the track, the vertical contact force is greater if elastic rail plates 

are mounted in the track. At higher frequencies, however, the situation is reversed in the sense 

that the vertical contact force is lower in the case of elastic rail plates.    

 The wear condition of the wheels of the driving wheelset has less influence on the 

vertical contact forces. It may be noted, however, that at frequencies below the resonant 

frequency of the rigid modes of vibration of the wheelset on the track, running with new wheels 

is accompanied by relatively higher vertical contact forces. 

 

Conclusions on the longitudinal vibrations of the drive system of the driving 

wheelset and the driving system 
 
Given the adhesion conditions (static friction coefficient and the condition of the 

running surfaces), and given the fact that the slippage of the motor depends on the creepage of 

the wheels on the rails, it follows that, at a certain speed of traveling, the stationary regime is 

set at that value of the creepage at which the balance between the motor torque at the wheelset 

and the torque of the frictional forces is obtained.  

The analysis of the stationary regime of the driving wheelset at rated speed according 

to the traction characteristic shows that it is not possible to achieve the nominal value of the 

motor torque due to the effect of the creepage of the wheels on the rails on the motor slip. The 

motor torque actually developed depends on the condition of the treads in the sense that if the 

treads are dry then the actual torque is higher than if the surfaces are wet. However, in order for 

the motor to develop the rated torque, the running speed needs to be reduced in relation to the 

nominal value, and this reduction becomes significant if the running surfaces are wet.  

It has been shown that for a given stationary regime, the efficiency of the driving 

wheelset depends solely on the creepage corresponding to that stationary regime in that the 

reduction in efficiency is equal to the increase in creepage. As the amplitude of the creepage 

depends on the condition of the treads, being larger if the treads are wet, it follows that for these 

conditions the efficiency of the driving wheelset is affected. At the same time, the yield 

decreases as the grip conditions worsen, and the wheelset approaches the grip limit. As a result, 
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it is recommended  to avoid circulation at the limit of adhesion, especially in conditions where 

the treads are wet, because it decreases the efficiency of traction. The existence of the 

locomotive's anti-slip system avoids exceeding the adhesion limit and the appearance of stick 

slip vibrations, but it cannot reduce the pseudo-slipness of the driving wheelset for this one 

depends solely on the force of adhesion and the condition of the running surfaces. 

Linear stability analysis shows that, reflecting the damping of the elastic coupling 

between the torsion shaft and the reducing gear, as well as the damping of the wheelset guiding 

system, at the adhesion limit,  the driving wheelset is at the limit of stability, regardless of 

whether the treads are dry or wet; the regime at the adhesion limit is simply stable. Under the 

same conditions, the stationary regimes on the ascending (stable) branch of the friction force 

curve as a function of the sliding rate are asymptotically stable, and those on the descending 

(unstable) branch are unstable. The stable/unstable nature of the stationary regimes shall be 

explained by the contribution of the dynamic component of the frictional force which may 

introduce positive or negative damping depending on the branch on which the stationary regime 

is located.  

The analysis of the nonlinear stability of the unstable stationary regimes (located on the 

unstable branch) showed that, in the absence of any depreciation, two stable limit cycles called 

torsion and rebound limit cycles are possible. 

The limit cycle of torsion is the frequency close to the resonance frequency of the first 

elastic torsion mode of the driving wheelset. It is characterized by being accompanied by 

significant armonic components of motor torque and the torque of frictional forces that can 

affect the mechanical strength of the wheelset.  

The rebound limit cycle develops practically at the resonance frequency of the rebaund 

movement of the wheelset connected by the elastic conduction system to the bogie frame and 

is manifested by very large oscillations of the traction force. 

The exity of limit cycles is justified by  the fact that an energy balance is reached 

between the accumulated energy and that dissipated during a period of the dynamic component 

of the frictional force which has a negative or positive dampening effect depending on the 

branch of the friction force curve on which it works. 

The damping of the elastic coupling or that of the wheelset steering system limits the 

areas in which the limit cycles may exist. Moreover, if the wheelset drive system and the driving 

system are properly damped, then the unstable stationary regime becomes asymptotically 

stable. As a result, traction performance can be improved when the wheelset is travelling at the 

adhesion limit by providing the necessary damping in the drive and guiding systems.  

The analysis of longitudinal vibrations maintained by variations in frictional forces 

induced by variations in vertical contact forces leads to the following conclusions. 

If the driving wheelset runs at the adhesion limit, then the variations in traction force 

and motor torque are almost insensitive to the type of rail pads (elastic/rigid) with which the 

track is fitted. 

The variation in traction force is strongly influenced by the relative positioning of the 

wheelset's own rebaund frequency in relation to the resonant frequency of the rigid modes of 
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vibration of the wheelset on the track, in the sense that the effective value of the traction force 

can also increase by 2-3 times if the two frequencies are close together.  

As a result, it is recommended that when designing the elastic guiding system of the 

driving wheelset, a calculation be carried out to check the positioning of the resonant 

frequencies. 

If the running parameters of the driving wheelset correspond to the stationary regime 

on the stable branch of the friction force curve as a function of the sliding speed, the dynamic 

regime improves substantially due to the effect of positive damping.  

Running on wet treads is clearly unfavourable compared to running on dry treads due 

to the fact that the positive damping effect is weaker, the slope of the friction force curve 

depending on the sliding speed is noticeably lower.  

However, at the adhesion limit, the condition of the treads does not influence the 

intensity of the longitudinal vibration regime, since regardless of the fact that the treads are dry 

or wet, the effect of the frictional force variation is the same since the slope to the friction force 

curve is zero. 

For the validation of the models used in this work, a consistent program of experimental 

tests focused on three directions of interest was developed: the torsional vibrations of the 

driving wheelset, the mechanical characteristic of the asynchronous motor and the vertical 

vibrations of the wheelset.  

The comparison between the experimental and theoretical results allowed the validation 

of the following models: the model for the study of torsional vibrations of the driving wheelset, 

the model of the mechanical characteristic of the asynchronous motor and the model of vertical 

interaction between the driving wheelset and the running track. 

 

 

7. 2. Original contributions 

 

In relation to the results of the analysis of the current state of research in the field of the 

thesis, respectively the interaction between the driving wheelset and the track under nominal 

traffic conditions according to the traction characteristic, the following are presented as the 

most important personal contributions. 

• drawing up the mechanical model for the interaction between the driving wheelset 

and the running track comprising the following original aspects: (a) the structure of 

the model including the vertical vibration model of the driven wheelset and the track 

and the longitudinal vibrations model comprising the motor drive system of the 

driving wheelset and its driving system; (b) the parametric excitation mechanism 

induced by the variation of the frictional forces due to the variation of the vertical 

contact forces which makes it possible to assess the traction performance of the 

driving wheelset under traffic conditions close to the actual ones; (c) the application 

of the hysteretic damping model to improve the  amplitude and phase spectra of the 

variation of vertical contact forces and their transformation into a pseudo-time 
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function representing the parametric excitation factor of the longitudinal vibrations 

of the driving wheelset and the use as such in the integration of equations of motion; 

• elaboration of mathematical models which consisted in inferring the equations of 

motion associated with mechanical models by applying the principles of classical 

mechanics; 

• elaboration of numerical models derived from mathematical models that allowed to 

perform numerical applications of the thesis; 

• analysis of the frequency response of a one-sided driving wheelset for torsion and 

bending vibrations and highlighting the influence of inertia asymmetry and the state 

of wear of the wheels on the receptances calculated next to the wheels; 

• analysis of the vertical vibrations of the driving wheelset when running on the track 

in the presence of irregularities of the treads in correlation with the damping model 

of the track, the inertial asymmetry of the driving wheelset and the state of wear of 

the wheels; 

• elaboration of a method for obtaining the amplitude spectrum of tread irregularities 

starting from the roughness level spectrum; 

• analysis of the stationary regime of the wheelset drive system when the motor 

develops the rated torque, depending on the friction coefficient of wheels and rails 

taking into account the condition of the running surfaces; the electric motor may 

develop the rated torque only if the speed is reduced in relation to the nominal speed 

of the traction characteristic when slipping to compensate for the effect of the creep 

of the wheels on the slippage of the motor;  

• calculation of the mechanical efficiency of the driving wheelset according to the 

coefficient of friction between the wheels and the rails in correlation with the 

condition of the running surfaces; the mechanical efficiency of the driving wheelset 

causes significant decreases in the case of wet surfaces and/or when travelling at 

the adhesion limit;    

• analysis of the linear stability of the stationary regime of the drive system of the 

driving wheelset corresponding to the rated operating regime of the electric motor 

according to the traction characteristic of the locomotive and according to the 

variation of the coefficient of friction between the wheels and the rails; 

• analysis of the nonlinear stability of the unstable stationary regimes and 

highlighting the existence of two stable limit cycles, one of torsion of small 

amplitudes and the frequency close to the resonance frequency of the first elastic 

mode of torsion of the driving wheelset, and the other, of rebound with higher 

amplitudes at the resonant frequency of the rebound movement of the wheelset 

connected by the elastic driving system to the bogie frame; 

• determining the influence of the damping of the elastic coupling between the 

wheelset and the driving system on the existence of the limit cycles by means of the 

Hopf bifurcation diagram and demonstrating the possibility of eliminating the 

instability of the stationary regimes located on the unstable branch of the friction 

force curve as a function of the sliding speed by ensuring proper damping of the 

elastic coupling and the elastic wheelset driving system; 
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• analysis of the longitudinal vibration regime of the drive system of the driving 

wheelset and of the driving system maintained by the variations in the vertical 

contact force as a result of the interaction between the wheelset and the track in the 

presence of tread irregularities; changes in motor torque and tractive force have 

been shown to depend on the condition of the treads (dry/wet) unless the wheelset 

is travelling at the adhesion limit;    

• experimental validation of the mechanical model of the driving wheelset for the 

study of torsion vibrations using a didactic and research stand; 

• the design and construction of an experimental stand for the determination of the 

mechanical characteristic of the three-phase asynchronous AC machine and the 

validation by experiments of the theoretical mechanical characteristic used in the 

work to simulate the motor torque developed by the asynchronous motor; the built 

stand allows carrying out didactic and research activities; 

• experimentally validating the model for the vertical interaction of the driving 

wheelset with the track based on the acceleration measurements at wheelset box 

level made with an electric locomotive (LE 5100 kW) in the current-line traction 

service of a freight train. 

 

 

7. 3. Future research directions 

 

The research topic can be developed according to the following directions of research: 

• the starting mode of the traction unit, in particular when the start-up takes place at 

the adhesion limit; 

• influence of motor torque harmonics induced by the control system of the 

asynchronous motor (the static converter); 

• running on connection and circular curves. 
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