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Convex optimisation for reusable demonstrators with space applications

1 Introduction

The PhD thesis proposes a solution for solving the real-time trajectory optimisation problem
using convex techniques for a reusable space demonstrator by developing and testing a real-time
application (Software Experimental Payload — SEP). The testing and validation process for the
developed application is realized using a vertical take-off and landing demonstrator, called DTV,
developed by the National Institute for Aerospace Research "Elie Carafoli - INCAS.

The need and interest for the research theme is strongly related to the context of increased
worldwide interest in the landing, recovery, and reuse of first stages of orbital launchers with the
purpose of reducing the space mission cost and ease the access of outer space. This research topic
is also of interest in the context of the efforts for the colonization of Moon and Mars for which this
technology has high applicability.

The results achieved and presented in the PhD thesis demonstrate the feasibility of using the
developed application that would be executed in real-time on-board space vehicles for the
trajectory optimisation process.

Keywords: onboard trajectory optimisation, space demonstrators, reusability, convex
techniques, automatic code generation, real-time testing, in-flight validation

1.1 Overview

The first chapter includes an introduction in the field of online optimisation of the landing
trajectory for a reusable space demonstrator, presenting the current national, European and
international context, the main objective of the PhD thesis, together with the current state of art in
the chosen field. The second chapter presents introductive information related to the convex
optimisation of vertical take-off and landing vehicles with space applications, while the third
chapter describes the mathematical model for minimizing the amount of fuel required for the
landing phase of the reusable space demonstrators. The mathematical formulation is presented
along with the discretization method for obtaining a numerical solution.

The fourth chapter presents the architecture and testing methodology of the online optimisation
application for the vehicle trajectory, an application that was developed and presented in detail in
the PhD thesis. The fifth chapter includes technical details about the demonstrator that was used
as in-flight testing and validation infrastructure for the SEP application developed.

Chapter six presents the implementation in the Matlab simulation environment of the
mathematical model presented in detail in chapter three and the use of the integrated CVX module.
A nominal case study was selected for the testing process of the developed SEP application. The
seventh chapter showcases the implementation process of the mathematical model in the convex
solver generator, CVXGEN. Details about CVXGEN, how to use the generated C code, and
additional functions developed for using the generated code are provided in this chapter.
Numerical results for the same nominal case are presented, along with a Monte Carlo analysis
where numerous simulations are performed in the presence of uncertainties.

The eighth chapter presents details related to the 6DOF dynamic model for the DTV
demonstrator, the integration process of the S-function in the six-degree-of-freedom DTV
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simulator, together with numerical results for the selected nominal mission. Chapter nine covers
the real-time testing architecture of the developed SEP application, with numerical results obtained
for the nominal mission being presented in detail.

The tenth chapter includes the results of the numerical simulations necessary for the
preparation of an experimental flight campaign, together with the results recorded for the
experimental missions in captive flight, ME#1 and ME#2. The first experimental mission had the
purpose of validating the entire development process, while ME#2 represents a short lateral
manoeuvre, for which four experimental flights were carried out.

The conclusions of the PhD thesis are presented in chapter eleven, emphasizing the
contributions of the thesis, the results achieved, and the prospects for further development. A list
of scientific papers published during the PhD Program is also presented as well as selected
bibliographic notes used in the elaboration of the present work.

1.2 Context

Within this subchapter, the worldwide novelties in the field of reusable space vehicles are
presented, outlining the following aspects:

e Until December 2015, launch vehicles were expandable, meaning they were used for a single
launch only. The main stage and boosters that made up the space launch vehicle were
discarded into the ocean, and the upper stage remained in orbit around Earth or directed on
a re-entry trajectory;

e This scenario was completely changed in December 2015 by the success of the private
company, Space Exploration Technologies Corporation (SpaceX) by vertically landing the
first stage of the Falcon 9 launcher [1]. The concept of reusability for space launch systems
has also been demonstrated by another private company in the United States, Blue Origin,
by successfully completing a suborbital flight with the New Shepard launcher [2], and also
by the private company based in China, Deep Blue Aerospace [3];

e Europe has also taken the first steps in the development of reusable space launch systems,
through the Callisto and Themis demonstrators [4];

e At regional level, in Romania, a reusable demonstrator with vertical take-off and landing
capabilities (VTVL) powered by a rocket engine called Ascent and Descent Autonomous
Maneuverable Platform (ADAMP) is in the development phase in an European project led
by the National Institute for Aerospace Research "Elie Carafoli” - INCAS [5];

e The reuse of launch systems massively reduces the cost of a launch, ultimately leading to
easier access to outer space. NASA estimates that a commercial launch to the International
Space Station (ISS) costs 4 times less today than it did 20 years ago [6] due to technological
advances.

The successful recovery and reuse of Falcon 9 launcher first stage is due to several
technologies, but the most relevant in the context of this PhD thesis is the online trajectory
optimisation onboard the launcher and the autonomous control during the vertical landing phase.
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1.3 Thesis objectives

The PhD thesis presents the mathematical model for solving the problem of minimizing the
fuel consumption of a space-application reusable demonstrator for the vertical landing phase and
details the implementation of an algorithm which runs in real time on its onboard computer. The
main objective of the thesis is to develop an application and propose a methodology that optimises
the real-time landing trajectory for a reusable demonstrator with space applications, using a
commercially licensed software, CVXGEN, that generates C code for solving convex problems.
The real-time application, called SEP, is implemented, tested and validated in-flight using a
vertical take-off and landing demonstrator as a test platform, based on a 1kN-class turbo-jet engine.

1.4 Current state of art

The PhD thesis approaches in an innovative way the solving process of the landing problem
for retropropulsive vertical take-off and landing vehicles using convex real-time optimal control
techniques, on the onboard computer of a reusable demonstrator. The problem addressed can be
broken down into two main research directions:

e Optimal control problem using convex techniques for the trajectory generation of a
reusable vehicle with space applications;

e Real-time algorithms for solving this problem.
1.4.1 Mathematical modelling of the convex trajectory optimisation problem

Successfully landing a space launcher represents one of the most important technological
challenges for the development of trajectory and control algorithms. These challenges are due to
unpredictable flight conditions, significant dispersions and uncertainties associated with other
parameters, in addition to known constraints related to vehicle control and structural sizing.
Considering these constraints and adding other rigorous requirements necessary to obtain a high-
accuracy solution for the landing manoeuvre, the fixed-point landing problem for space vehicles
becomes extremely difficult to solve.

Trajectory generation for space vehicles can be expressed as an optimal control problem, which
leads to the need to solve a problem that has the following form, [7]:

min J(x,u,p,tr) (L.1)
having the following constraints:
x(t) = f(x,u,p,t) (1.2)
(x(6),u(®),p, tr) € C(1), Vet € [0, t/] (1.3)
(x(t),p) € X, (x(tf),p) € Xr (1.4)

The objective function (1.1) defines the mission target, the system dynamics is modelled by
differential equations that are imposed as constraints (1.2), the system states and control are
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imposed by (1.3), while the boundary conditions are imposed by (1.4).

Various discretization methods are known for an optimal control problem. Once the
mathematical problem is discretized, numerical optimisation methods can be used to obtain a
solution. At this point, solving real-time problems with applications in the space domain and
beyond is the major difficulty. Depending on the mathematical formulation of the problem and the
selected discretization techniques, the optimisation problem can become a nonlinear (and non-
convex) optimal control problem, which is called a nonlinear optimisation problem (NLP) [8], [9],
[10]. The big disadvantage of the NLP problem is that it requires very high computational
resources and that there is no guarantee of obtaining the optimal solution. For these reasons, NLP
methods are not suitable for ensuring the existence of a real-time optimal trajectory for
autonomous space vehicles.

To achieve this goal, two main methods are distinguished:
e Lossless Convexification (LCvx) [11], [12], [13];
e Sequential Convex Programming (SCP) [14], [15], [16], [17].

1.4.2 Real-time algorithms for convex optimisation problems

Computing power requirements are the second consideration for onboard vehicle trajectory
generation. Historically, this has been the most important factor in the development of algorithms
with practical applications. In the field of real-time optimisation on a vehicle’s onboard computer
(real-time embedded optimisation) [18], [19], [20], [21], different instances of a problem must be
calculated extremely fast (in the order of milliseconds or microseconds), and in most cases the
result must be obtained before a strict execution deadline. This technical requirement is in
contradiction with generic algorithms, which need a longer execution time and the solution of the
problem is available when a certain accuracy has been achieved [22].

CVXGEN is a code generator for families of convex optimisation problems that can be reduced
to Quadratic Programming (QP) and Second Order Cone Programming (SOCP). CVXGEN starts
from the description of the family of convex optimisation problems and automatically generates C
code. For small and medium-sized problems (with up to several hundred optimisation variables),
CVXGEN generates C Code that solve these problems in a few microseconds or milliseconds,
[23].

For the work performed in this PhD thesis, CVXGEN was used as code generator, for which
the author received an academic license thanks to Mr. Jacob Mattingley.

2 Convex optimisation for vertical take-off and landing vehicles with space
applications

In this chapter, a comparative presentation of the best-known methods for online trajectory
generation onboard reusable vehicles by using convex optimisation methods is made. Convex
optimisation techniques aim to minimize a convex objective function while satisfying a set of
convex constraints. Some theoretical elements for convex sets and convex functions used in this
PhD thesis are detailed.
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3 Minimizing the amount of fuel required for the landing manoeuvre
3.1 Mathematical formulation of the problem

The reference system chosen is an inertial one and related to the Earth's surface. The origin of
the system is at the centre of the launch site, the positive direction of the x-axis is up, the positive
direction of the y-axis is towards the East, and the positive direction of the z-axis is towards the
North, how it is now illustrated in Figure 3.1. The trihedral is hereafter referred to as the "launch
pad frame".

- xp(Up)

ZLp(North)

@ + pr(EaSt)

Figure 3.1 Reference system used

To generate the online trajectory onboard a reusable vehicle in such a way as to minimize the
amount of fuel required in case of a precise landing at a fixed point, the problem can be formulated
in the following way [24], [25] (“powered descent minimum fuel trajectory optimisation
problem”):

t;{lTaclg)m(tf) = t?ricr('-) jo tf”Tc(t)”dt (3.1)
subject to:

7#(t) =g+ Z;‘;Eg (3.2)
m(t) = —all T (Ol 3.3)
0<p <IT.OIl < p2 (3.4)
Ira@Il < Br, () (3.5)

The initial conditions of problem (3.1) are:
m(0) = My (3.6)
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m(t;) =0 (3.7)

r(0) =r, (3.8)

7(0) =1y (3.9)

and the final conditions are:

r(t;) =0 (3.10)

() =0 (3.11)

To simplify the notations, the parameters a, p;, p,, were introduced, being defined as follows:

1

Al (3.12)

p1 = nT; cos® (3.13)

p, =nT,cos ® (3.14)

In formulating the problem, the following notations were used:
e @ - thrusters cant angle;
e n - number of thrusters;
e [, - specific impulse;
e m,,. - vehicle initial mass (dry mass + fuel);
e g € R3 - Earth’s gravitational acceleration vector;
e T, -available thrust lower bound (for each thruster);
e T, -available thrust upper bound (for each thruster);
e 15 € R3 - vehicle initial position vector;
e 7, € R3 - vehicle initial velocity vector;
e B =tany,withy € (O, g) being the glide slope angle;
e 1, € R - vehicle altitude;

e 1, €R? - vehicle lateral position vector (,downrange position vector”) such as
r= [T‘v,T‘g]T.
Note that in formulation (3.1), the inequality (3.4) defines a non-convex type of constraint on
the command channel. For this reason, a relaxation of the formulation (3.1) is necessary,
transforming the problem now in one of convex optimisation [25]:

f th(t)dt (3.15)
0

min
trTc().r ()

subject to:
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T.(t)

#(t) =g+ (0 (3.16)
m(t) = —al'(t) (3.17)
IOl = T(®) (3.18)
0<p, <T@ <p, (3.19)
Ira(OIl < Br, (0) (3.20)

The initial and final conditions (3.15) remain the same as the one presented earlier in (3.6) -
(3.9), and in (3.10) - (3.11).

If a solution of the problem (3.15) is of the form (¢7, T (1), T*(+)), then it can be considered
that (¢, T (+)) is a solution for problem (3.1) and IT."(®)]| = pyor IT."(t)|| = p, fort € [0, tr ]
Thus, formulation (3.15) convexifies the problematic constraint (3.4) of formulation (3.1) by using
two equivalent constraints (3.18) and (3.19).

By successfully applying changes of variables in advantageous ways (u = % o= % and z =

Inm) and using Taylor series expansions to bound the ¢ term (the first 3 terms are kept for the
lower limit and the first 2 terms for the upper limit), the problem of minimizing the amount of fuel
required for a precise landing can be rewritten again, obtaining the following final formulation
[25]:

tr
tfﬂr}g_i)%(.)j; o(t)dt (3.21)
subject to:
7#(t) = g + u(t) (3.22)
z(t) = —ao(t) (3.23)
lu(OIl < o(t) (3.24)

(z(D) - z(8))"

(@) 1= (2(6) — zo(D) + > <0o(t) S up(O[1 = (2(t) — z0(0))] (3.25)
zo(t) < z(t) < In(my,er — apyt) (3.26)
lra(@®Il < Br, () (3.27)

where:
() = pye~%® (3.28)
pp () = pye=%® (3.29)
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Zo(t) = In(Myyer — apyt) (3.30)
The initial conditions of the problem (3.21) are:

z(0) = Inmy,e; (3.31)

r(0) =1, (3.32)

7(0) =7 (3.33)

and the final conditions are:

r(¢) =0 (3.34)

#(tr) =0 (3.35)

Foragiven time of flight ¢, using formulation (3.21), all the equality and inequality constraints
define convex feasible regions in the state and control space, also having a convex cost (objective)
function. Therefore, the problem (3.21) can be converted into a finite-dimensional convex
optimisation problem, the most efficient solution method being SOCP (Second Order Cone
Programming), after an appropriate discretization of it.

3.2 Discretization of the problem

In this chapter, the discretization method of the problem to be solved (3.21) is presented:

oyt T (3.36)
subject to:
At At
T41 =T + > (P + Trer) + 1 (U — Ugs1) (3.37)
) . At
Th+1 = T T > (ug + ups1) + gAt (3.38)
alAt
Ziet1 = Ze T 5 (o + Ok+1) (3.39)
llugll < o (3.40)
(Zk - Zo,k)2
tage |1 = (2 = zox) + s < ok < tap[1 = (21 — Zow)| (3.41)
Zok S Zk < ln(anet - (Z,Dlt) (3.42)
Irai ]l < B (3.43)
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with k = 0,1 ... N, where:
Py = pre” 7ok
Haj = pae” 0k
Zox = In(my,er — apzkAt)
The initial conditions of problem (3.36) are:

Zo =Inm,,.;

r(0) =1,
and the final conditions are:
tr = NAt
ry =0
iy =0

12
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(3.50)
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4 Testing architecture of the real-time application (SEP)

During the PhD Program, a real-time application was developed for the onboard generation of
an optimal trajectory, together with an integrated way of testing it (more details in Figure 4.1) on
a demonstrator called DTV [26], which is developed by the National Institute for Aerospace
Research "Elie Carafoli” - INCAS.

Mathematical | 'MPlementation CVXGEN € code generalion | 4 b ovion solver and Tmﬂlci&rylaﬂons
problem ’ l auxiliary S-functions |
|

L C code generation
Flight On-board computerr DTV GNC

Figure 4.1 SEP application and its integration

uonelauab apoo o

SEP Application

The starting point is the mathematical model of the convex optimisation problem which
minimizes the fuel consumption for the landing phase. Once the mathematical problem is written
and discretized, the implementation phase in the convex solver generator for this family of
mathematical problems follows. After the numerical problem has been implemented in CVXGEN,
the next step is to generate code in the C programming language, resulting in several files that
were further used to generate the S-function, along with other relevant additional functions. This
S-function, which contains the online solver for onboard trajectory generation, is further integrated
into Simulink, in the Guidance, Navigation and Control (GNC) subsystem of the demonstrator.
This integration in the GNC module of the DTV vehicle allows the SEP application to be tested
offline using a six degrees of freedom dynamic model of the vehicle.

DTV is a testing and validation platform for software products and hardware equipment, and
INCAS has developed this functionality, to integrate experimental software in an additional GNC
block named Experimental Payloads (EP) block, providing to partners the necessary interfaces that
are to be taken into account for the correct integration. After integrating the S-function into the EP
block of the demonstrator and passing key tests using the six-degree-of-freedom simulator, C code
is automatically generated again using Matlab/Simulink functionality. C code is generated for a
real-time testing generic target ("Generic Real-Time Target"), which is further integrated into the
DTV flight software, being called every 100 milliseconds and running as a standalone application
on the onboard computer, unlike the application for the GNC system which is called every 40
milliseconds.

13
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Pi TESTING ARCHITECTURE

e

Start online trajectory optimization

Figure 4.2 Test architecture of the online trajectory optimiser

In order to in-flight test the online trajectory optimisation application while preserving the
integrity of the DTV vehicle, the following test procedure (details in Figure 4.2) has been adopted:

DTV takes off following a predefined reference trajectory;

After the ascent phase ends (at predefined conditions), DTV goes into hover above the
take-off point;

After 15 seconds of hover manoeuvre, the online trajectory optimisation program starts
running;

When the transition from the pre-programmed flight phase to the experimental
trajectory generated online is commanded, the execution of the optimisation program
starts based on the information from the navigation system by acquiring data from the
GNC system (position and velocity) and generates an optimal onboard trajectory in the
allocated time window of 100 milliseconds (a table containing three reference positions
and three velocities for each discretization point);

Together with the online generation of this optimal trajectory, the program sends
information related to the status of the optimisation process, information determined
by the means of the S-function;

If the online optimisation process is completed successfully, the generated trajectory is
sent to the vehicle as the new guidance reference;

The demonstrator guidance is now the online optimised trajectory and the remaining
part of the flight is switched to the experimental phase.

14
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5 Presentation of the research, testing and in-flight validation infrastructure
for the SEP application

In order to increase the level of maturity of the technology proposed in this PhD thesis,
specifically the developed SEP application, it is necessary to test and validate it in real-time using
an existing flight test infrastructure. The National Institute for Aerospace Research "Elie Carafoli"
- INCAS developed DTV, a unique infrastructure in an European project financed by the European
Space Agency (ESA) and with the support of the Romanian Space Agency (ROSA), within the
Demonstrator for Technologies Validation project.

As is obvious from the title of the project, the DTV demonstrator (showcased in Figure 5.1)
provides the opportunity for in-flight validation of both software and hardware technologies via
experimental flights. The DTV is a reusable demonstrator powered by a 1kN class turbojet engine
with vertical take-off and landing capabilities, being fully autonomous.

Figure 5.1 DTV test platform - configuration. Credit: INCAS/ESA

In order to carry out the experimental campaigns, INCAS management approved the use of its
research infrastructure (both ground infrastructure - from INCAS Maineciu, and in-flight research
infrastructure - the DTV demonstrator). Also, the management of INCAS agreed that the Flight
Simulator (protected model) can be used in this PhD thesis for the necessary technical links. This
allows the use of the infrastructure without having access to the implemented mathematical models
(dynamic model in six degrees of freedom, control architecture and sensor’s models). INCAS has
prepared a protected model of the Flight Simulator, a model which is distributed to INCAS partners
for interfacing software programs developed by them in various research projects.

15
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6 Implementation of the mathematical problem in Matlab/CVX

The mathematical problem in discrete form presented in chapter 3, was implemented in Matlab
using the convex optimisation module CVX. CVX transforms Matlab into a modelling language,
allowing the objective function and constraints to be specified using standard Matlab syntaxes.
The implementation was studied for the nominal case selected in the PhD thesis.

The implementation of the mathematical model for minimizing the amount of fuel in the CVX
module in Matlab and its solution using the SeDumi solver was necessary to verify the existence
of a numerical solution, and after performing the numerical simulations, the required
computational time was 2.16 seconds, which means the implementation is not suitable for real-
time applications. Thus, the decision to implement the mathematical model in a C code generator,
CVXGEN, to transform the mathematical problem into a solver that would allow solving the class
of problems studied in a computational time of the order of milliseconds.

Position [m]

Velocity [m/s]

Vertical velocity [m/s]
Lateral velocity y [m/s]
4 Lateral velocity z [m/s]

Altitude [m]
Lateral position y [m]
Lateral position z [m]

251

Position [m]

Velocity [m/s]

02+

031

-0.4

o Time [s]
Time [s]

Figure 6.1 DTV position vs. time, nominal case  Figure 6.2 DTV velocity vs. time, nominal case
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7 Implementation of the mathematical problem in the CVXGEN code
generator

7.1 Description and use of the CVXGEN package

The mathematical problem described in the chapter 3, minimization of the amount of fuel
required for a safe landing, was implemented in CVXGEN [27]. CVXGEN generates C code for
convex optimisation problems using an online interface and does not require the installation of any
additional programs. This code generator turns a convex mathematical problem into an extremely
fast solver.

To use CVXGEN, the following steps are required:

e Step 1. Mathematical modelling of the problem and its transformation into a convex
problem;

e Step 2. Automatic generation of a solver dedicated to the class of problems modelled
in the previous step (step 1);

e Step 3. Obtaining a solution extremely quickly.

7.2  Description of the generated code

The mathematical problem described in the chapter 3 was implemented in CVXGEN, where
the dimensions of the problem, parameters, optimisation variables, objective function are set and
the constraints are imposed. In CVXGEN, no numerical values are imposed for parameters or
optimisation variables (only their sizes), which is why the generated code can be used to obtain an
optimal solution onboard by reading the input data in real time and outputting as a result, a valid
trajectory based on those readings.

After the problem is implemented in CVXGEN, C code is then generated, CVXGEN further
generating five primary files in the C programming language. The algorithm to solve the
mathematical problem is provided in the "solver.c" file which contains the main function "solve"
and the basic routines. The KKT matrix factorization and problem are solved by functions in
"Idl.c”, while "matrix_support.c” contains C code for matrix and vector operations. Data structures
and function prototypes are set in "solver.h™ and "testsolver.c™" contains an example for testing the
generated code. In "util.c” there are additional functions for testing, while "Makefile" is required
for automatic compilation.

7.3 Use of the code generated by CVXGEN

Although CVXGEN offers the option of individually testing the generated code, in practical
engineering applications this is usually done after integration into more complex code packages.
For the current case, it is necessary to integrate the generated C code into the flight application of
the DTV demonstrator (“flight software") to ensure the possibility of testing the SEP application
in real time. In this thesis, the SEP application has been integrated into the flight software as a
standalone application and is called every 100 milliseconds. On the onboard computer, the GNC
application is called every 40 milliseconds.
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7.4 Auxiliary functions

This subchapter presents the auxiliary functions required for the integration of the CVXGEN
generated files.

7.5 S-function generation and offline testing

S-functions represent functions of a system which provide very important mechanisms for
extending Simulink capabilities. The implementation of an algorithm written in the C
programming language can be encapsulated in an S-function and then used in the Matlab/Simulink
development environment. S-functions are highly used in industry because they can integrate
external C code to perform offline simulations and represent diagrams from which C code can be
generated using an automatic C code generator (for example Simulink Coder). Matlab's "Legacy
Tool" functionality was used to generate the S-function containing the C code generated by
CVXGEN and the additional required auxiliary functions.

Figure 7.1 Testing the S-function generated in Simulink

The output data of the S-function, which contains the solver that will run on the onboard
computer, are the following: Position generated online: a matrix of 3 rows and 24 columns; the
number of rows represents the position on each of the 3 axes, while the number of columns is the
preselected number of steps; Online generated velocity: a matrix of 3 rows and 24 columns; the
number of rows represents the velocity on each of the 3 axes, while the number of columns is the
preselected number of steps; Minimum value of the objective function.

In order to visualize the trajectory and plot graphs as a function of time, an interpolation of the
optimal values calculated by the convex solver is required. The processing of the raw output data
was also done in Simulink.

18



Convex optimisation for reusable demonstrators with space applications

7.6 Nominal mission

For testing the generated code, more specifically the developed real-time application
containing the online DTV demonstrator trajectory optimisation solver, the same nominal mission
was selected as the one presented in the chapter 6. The complete list of parameters is presented in

Table 7.1 and Table 7.2.

Table 7.1 Fixed parameters numerical values, nominal case

Parameter Numerical value
m; [Kg] 64.5
g0 [SEZ 9.08665
5 [%] 0.00043
At [s] 0.7

T, [N] 600
T, [N] 750
zo[—] 4.1058
z4[-] 4.0967
Uy 10.47
N 24

Table 7.2 Initial and final conditions, nominal case

Parameter | Trajectory initial conditions | Trajectory final conditions
r, [m] 5 0
Ty, [M] 0 5
T, [m] 0 4
V, [m] 0 0
v, [m] 0 0
vV, [m] 0 0

Using these input data and performing a numerical simulation in Matlab / Simulink, the
numerical results presented in the following figures are obtained, thus testing the functionality of
the S-function encapsulating the convex solver for the landing trajectory optimisation for DTV.
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Figure 7.2 presents the DTV position on the three axes as a function of time. It can be observed
that the initial and final conditions for the trajectory are respected. The experimental mission has
an initial altitude of 5 m and the lateral positions are 0 on both axes. The final condition for the
positions is also respected for each of the three axes.

Figure 7.3 presents the velocity of the demonstrator on the three axes as a function of time. It
can also be seen that the initial and final conditions for the imposed velocities are met. Another
observation is related to the maximum vehicle velocity, which do not exceed 0.5 m/s. This ensures
that the selected nominal trajectory is a feasible one for the real capabilities of the DTV. In Figure
7.4 one can see the optimal 3D trajectory generated for the nominal case.

5 ~
Optimized trajectory
4 4 3 Initial conditions
Target conditions
E 3~
O
©
2
s 24
<
1 ~
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6
4 4
ylm 2 2 <
0 z [m]

Figure 7.4 3D trajectory, nominal case

The numerical results presented in this chapter can also be compared with the ones presented
in chapter 6, obtained by implementing the mathematical problem in Matlab, using the CVX
module. Although the mathematical problem is the same and the input data are identical for the
nominal mission, the test modality is different:

e For the numerical simulations using CVX, the mathematical problem is defined in
Matlab and solved with the SeDumi solver (which is written in C code) and used in the
Matlab environment via .mex files.

e For the numerical simulations using CVXGEN, the code is written in the C
programming language, which makes it suitable for running in real time on a
demonstrator onboard computer.
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7.7 Monte Carlo analysis

To test the functionality of the developed and implemented real-time application, a Monte
Carlo analysis in the presence of initial positions and velocities uncertainties was performed. The
results obtained based on 1000 Monte Carlo simulations demonstrate that the convex solver always
finds an optimal and feasible solution for the DTV demonstrator under the conditions considered.
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8 Simulations using the six-degree-of-freedom (6DOF) dynamic model

8.1 Mathematical modelling of the DTV demonstrator

The Newtonian mechanics formulation is used to write the mathematical equations of the
6DOF dynamic model specific to the DTV demonstrator (variable mass body), by applying the
general theorems of momentum (to describe the translational motion of the centre of mass) and
angular momentum (to describe the movement around the centre of mass). Next, the dynamic
model for the DTV vehicle is presented based on the general model detailed in [28].

- xp(Up)

ZLp(NOfth)

@ > pr(EaSt)

Figure 8.1 Inertial frame - launch pad frame

To describe the translation of the centre of mass, the launch pad frame (LP) is used (presented
in Figure 8.1). To describe the rotational movement around the centre of mass, the reference system
linked to the body (B - “body frame”) is used, being shown in Figure 8.2. The origin of the body
system is in the vehicle centre of mass.

X

5 |
Sl i
Y . !
B o8 |
/ : O/ \O
Front view Top view

Figure 8.2 Body-fixed reference frame - DTV. Credit: INCAS
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The translational equations (kinematic and dynamic), in vectorial form, are the following:
rT=v

mv =N 1)

where:

e s the cartesian position vector of the vehicle centre of mass with respect to the LP frame
origin, expressed in the LP frame;

e v isthe cartesian velocity vector of the vehicle centre of mass with respect to the LP frame
origin, expressed in the LP frame;

e m is the mass of the vehicle (instantaneous);

e N is the applied force, being composed of the force generated by the main engine thrust
(Fr), the force generated by the vane system (Fy), the force generated by the fan system
(Fpr), the force due to gravity (F 4) and a disturbance force (F):

N=FT+FV+FDF+Fg+Fd (82)
The force generated by the main engine thrust (Fr) is computed using:
T
Fr=App {0} (8.3)
0

where T is the main engine thrust (details in Table 7.1) and A;p p is a rotation matrix from B to
LP frame which has the following form:
cosy cos@ cosy sinb sing — siny ccos¢p siny sing + cosy sinb cos¢p
App g = |sinp cos®  cosy cos¢p + siny sinb sing  siny sinb cosp — cosy sing| (8.4)
—sin 6 cosf sing cosf cosg

The force generated by the vane system (Fy) is computed using the following relation:

0
FV = ALP_B {FVy} (85)
FVZ

where Fy,, and Fy, are the forces generated by each of the two DTV vanes. Note that Fy,,, and Fy,

can be either positive or negative, depending on the vane deflection. The sign convention is shown
in Figure 8.3.

The force generated by the duct-fan system (Fpx) is computed using:

0
Fpp = ALP_B { 0 } (8-6)
Fpr et + Fpr rigne

Note that Fpr 1er¢ 81 Fpr rigne are always positive, as per the sign convention shown in Figure
8.4.
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Figure 8.3 Sign convention, vane system Figure 8.4 Sign convention, glucted fans (used
' ' for roll control). Credit: INCAS

The force due to gravity (F4) is computed using:

g
r={ o} )
0

where g is the standard gravitational acceleration.
For conservative and control system design reasons, a disturbance force is also used (F ).

The rotational equations of motions of the DTV vehicle (kinematic and dynamic), in vectorial
form, are the following

(f) =p+gqgsingptanf +rcosptanb

0 =qcos¢p —rsing

sing  cos¢ (8.8)
+r

cos 0 cos 0

I(U+(UX(I(U)=MT+MV+MDF+Mr+Md

Y=gq

where:
e ¢, 6 and y are the roll, pitch and yaw angles (Euler angles ZYX);
e p, g and r are the components of angular velocity w in the body-fixed reference frame (B);
o I the inertia matrix with respect to the centre of mass and body frame axes.
e My is the moment produced by the main engine thrust F, described in (8.3);

e My is the moment produced by the force generated by the vane system Fy,, described in
(8.5);
e M is the moment produced by the fan system Fp, described in (8.6);
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e M, is the moment produced by the rotor of the main engine (I, is the inertia matrix of the
rotor relative to the rotor centre of mass, while w,. is the angular velocity of the rotor),
described by the following relation:

M, =-lL,w, - Ir(w X wr) — Wy X (Irwr) — Wy X (Irw) — WX (Irwr) (89)

e M, is the disturbance moment
8.2 S-Function integration into the DTV Vehicle Flight Simulator

The flight simulator developed by INCAS for DTV can accept experimental computing
programs. To test and validate in-flight an experimental application, it is necessary to integrate it
into the flight simulator for closed-loop testing using the six-degree-of-freedom models. The
"SEP" (Software Experimental Payload) block in Figure 8.5 contains the online convex trajectory
optimisation program developed in this PhD thesis, together with the required additional functions
developed. As highlighted in Figure 8.5, the SEP block is coloured blue, which in this case
represents that its execution is occurring every 100 milliseconds. Additional implementation
details are provided in Figure 8.6 and Figure 8.7.

-y

-
— -

T
-
? -
s

D2
D3 1 D3 PACInput .
P obcTimeStamp ~ SEP = SEP

double D3
»| SEPInput SEPQut 1

SEPOutSIL

SEPBlock

Figure 8.6 DTV Integration of the online solver into the DTV Flight Simulator (detailed)
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dddddddd

3

Figure 8.7 Contents of the SEP Block - Simulink

The output data from the SEP block is as follows:

e SEPStatus: represents the signal that determines whether the trajectory sent to the
onboard computer is the reference trajectory or the experimental trajectory. DTV's
flight simulator contains a program that decides, based on several critical parameters,
whether the online calculated trajectory is valid before sending it to the vehicle;

e SEPReference: contains the trajectory computed online (Positions and velocities on
the 3 axes).

8.3 Offline numerical results

This subchapter presents the results obtained using the flight simulator (protected model) for
DTV, which is called closed-loop testing. The DTV begins its mission with a predefined reference
trajectory: ascent to an altitude of 5 meters, then it goes to hover flight phase, and after 15 seconds
the real-time application developed in this PhD thesis starts to compute a trajectory onboard. At
the beginning, the application asks for real-time in-flight DTV position and velocities data from
the GNC application and uses it as a starting point. The target position that the DTV must reach is
0.65 m above the ground (the position of the centre of mass relative to the ground), 5 meters in the
y direction and 4 meters in the z direction. The predefined parameters for the real-time application
are those presented in subchapter 7.6.

The complete mission for DTV is shown in Figure 8.8, where the part of the flight in which
the reference trajectory is generated onboard is highlighted.

Figure 8.9 shows the online generated trajectory onboard the DTV. The altitude from which
the online calculation starts (5 meters) can be observed, as well as the final lateral positions, thus
showing compliance with the constraints imposed on the developed application. The velocities on
the 3 axes are illustrated in Figure 8.10 and it can be seen that they have values below 0.5 m/s,
thus respecting the constraints related to the maximum flight velocity. The attitude of the vehicle
is shown in Figure 8.11, and the angular velocities of roll, pitch and yaw are shown in Figure 8.12.
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9 Testing the SEP application using the Real Time Target Machine

9.1 Developed real-time application test architecture

To successfully test the developed real-time application (which contains the convex solver), it
IS necessary to first integrate it into the DTV flight software. The operating system running on the
onboard computer within DTV is Linux Real Time. The flight software is the main layer and the
one that "decides" the execution order of the processes. The GNC application is integrated within
the flight software, and the exchange of signals between the GNC and the developed SEP
application is ensured by this flight software by means of predefined signals.

Figure 9.1 illustrates the equipment required for real-time testing of the developed SEP
application. Using programs written in the Matlab/Simulink development environment, code is
automatically generated for a real-time test application. The real-time test system, SpeedGoat, is
specifically designed for "Simulink Real-Time" [29], which is the reasoning behind selecting this
test modality. The SpeedGoat runs DTV's six-degree-of-freedom dynamic model and sends signals
simulating the nominal mission in real time. These signals are further sent to the onboard computer
running the GNC system and the vehicle's flight application as two separate processes. All these
hardware devices are placed in a local LAN (local area network) so that signals and files can be
exchanged between them.

SEP Application 6DoF DTV Model

code generation ”‘% e
<- -— -> ":'_n ‘miﬁf'u‘
- midatx application ‘,“_ el

Matiab/Simulink SpeedGoat GNC DTV

|
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I

I

Figure 9.1 Real-time testing procedure and hardware
9.2 S-functions required to integrate the real-time application into the flight software

The SEP block, described in detail in subchapter 8.2, is tested in real time using the procedure
described in the same subchapter, where the simulated signals are replaced by S-functions that link
the SEP application to the flight software. These signals are used to ensure the exchange of data
between the flight software, the SEP application and the GNC application.

29



Convex optimisation for reusable demonstrators with space applications

9.3 Results of the nominal mission real-time (HIL) simulation

The real-time simulation results using the developed application are shown in Figure 9.2 and
Figure 9.3. These are forwarded via S-functions to the demonstrator's GNC and become the new
position and velocity references for the DTV. The optimal trajectory is shown in Figure 9.2, and
the flight velocities calculated onboard are presented in Figure 9.3. It can be seen that all final
constraints imposed as application parameters are respected.
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HIL simulation

The real-time simulated positions and velocities (in six degrees of freedom) are shown in
Figure 9.4 and Figure 9.5 and can be seen to be similar to those calculated by the flight computer
application, which means that the DTV can follow the online optimised trajectory with a small
error in real time. The Euler angles and angular velocities resulting from the six-degree-of-freedom
simulations can be viewed in Figure 9.6 and Figure 9.7. Since the commanded velocities are low,
the required attitude angles are also low.
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The test results of the developed application under real-time conditions confirm the possibility
of using the methodology and algorithms developed in this PhD work onboard reusable
demonstrators with space applications. The execution time of the developed SEP application on
the onboard computer of the real-time DTV demonstrator is about 10 milliseconds, which confirms
the feasibility of its use during a real mission.
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10 Testing and validating the application under tether flight conditions

For the in-flight validation of the developed application, an experimental test campaign was
carried out at the INCAS Maneciu in Prahova. Five experimental flights were successfully carried
out and the results are presented in this chapter. Before each experimental flight, numerical
simulations were performed using the six-degree-of-freedom flight simulator to ensure their
feasibility. In Figure 10.1, a comparison between offline simulations and experimental results
using the developed SEP application.
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Figure 10.1 Online position and velocities (simulation and experimental flight)

The results recorded during test flight no. 4 are shown in Figure 10.2. The trajectory computed
online respects the imposed constraints, and this trajectory becomes the new reference for the DTV
demonstrator. A comparison between the commands and the real states of DTV is also shown and
it can be seen that the demonstrator follows the on-board calculated trajectory with very good
accuracy considering the limited physical flight space. Onboard commands for the vane system,
thrust force and attitude angles are also shown.
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Position: cmd versus real state - ME#2, Flight test 4

Velocity: cmd versus real state - ME#2, Flight test 4

Figure 10.2 Experimental results, ME#2, test flight number 4
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Figure 10.3 Comparative results, ME#2 experimental flights

The in-flight experimental results achieved demonstrate that the application proposed and
developed within this PhD thesis can be used in real time and can solve the powered descent
minimum fuel trajectory optimisation problem while running on the onboard computer of space
vehicles. All test flights were successfully carried out, the developed algorithm found in each case
an optimal trajectory on the demonstrator's onboard computer, regardless of the dispersion of the
demonstrator’s initial states.

For all the flights carried out in the experimental campaign, the execution time of the algorithm
on the onboard computer for generating an optimal trajectory did not exceed 70 milliseconds. The
total time is represented by the sum of the following events that are taking place in succession:
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The experimental algorithm calls, through the S-functions described in subchapter 9.2, the
GNC function that runs as a separate process, and requests the data related to the real state
of the demonstrator (position and velocity);

Generation of an onboard optimal trajectory using as input data the real state of the
demonstrator;

Performing a check of the onboard generated trajectory to ensure the feasibility of the
optimal solution obtained;

Sending the optimal trajectory as a new reference for the demonstrator.

Writing a .mat file of all parameters of interest for each execution of the application.

During the HIL test campaign, the execution time for the developed application is 10
milliseconds, while during the experimental campaign, the maximum execution time was 70
milliseconds. This difference is mostly due to the change in the way of the memory was allocated
for the recording of the in-flight data. The way of memory allocation can be improved in the future,
and the total execution time can be significantly reduced.
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11 Conclusions

11.1 Thesis contributions

Towards the achievement of the main thesis objective, the following contributions were made:

a)

b)

c)

d)

f)

9)

h)

)

The completion of the mathematical model for the convex optimisation problem of the
vertical landing of a demonstrator by introducing additional constraints for the trajectory;

Proposal of an innovative integrated testing methodology using different programming
environments, Matlab/Simulink, CVXGEN, C programming language (chapter 4);

Development of a computational algorithm for solving the convex optimisation problem
for the landing of a reusable demonstrator using the Matlab programming environment,
together with the module dedicated to convex programming, CVX (chapter 6).

Development of a computational algorithm for solving the convex optimisation problem
for landing a reusable demonstrator and implementing it in the convex solver generator in
CVXGEN, in order to streamline/optimise its execution time to ensure its use in real-time
applications. The implementation methodology is explained in chapter 7, which represents
a national first and is, at the same time, a starting point in the further development of
technology for real-time trajectory optimisation;

Development of additional functions written in the C programming language for the use
and integration of the code generated by CVXGEN in Matlab/Simulink, thus making
important contributions to the use of CVXGEN, considering that there are very few
scientific sources available;

Development of a Monte Carlo simulation algorithm for testing and validating the
functionality of the implemented optimisation method, contributions being also made to
demonstrate the reliability of the developed application through offline simulations;

Development of a process for the automatic generation and compilation of an S-function
containing the solver generated by CVXGEN and the additional functions developed for
the integration of this code in Matlab/Simulink, presented in subchapter 8.1;

Development of an application, called SEP, for testing the entire convex optimisation
methodology in real-time for the studied problem using SpeedGoat (Real-Time Target
Machine);

Verification and validation of the SEP application under captive flight conditions using a
research and validation infrastructure, thus contributing to increasing the maturity of online
spacecraft trajectory optimisation technology;

Demonstration of the repeatability and reliability of the SEP algorithm developed for the
optimisation of the landing trajectory for vertical take-off and landing reusable
demonstrators by performing experimental flights in similar conditions.
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11.2 Results obtained

The research activities of the PhD thesis focused on the development of an integrated
methodology and a real-time application containing a solver used in obtaining the optimal solution
of the convex problem for the optimisation of the landing trajectory of a reusable retro-propulsion
demonstrator with space applications. To achieve this objective, the mathematical model was
derived and numerically solved using the Matlab mode, CVVX/SeDumi. The mathematical model
was also implemented in the C code generator, CVXGEN, encapsulated in an S-function and
integrated into a six-degree-of-freedom simulation module for the reusable demonstrator called
DTV. Numerical simulations were performed for a nominal mission to test the developed real-
time application, along with Monte Carlo simulations in the presence of uncertainties. The
developed application was tested and validated in real-time using a real-time test machine,
SpeedGoat prior to flight testing to mitigate any potential risks. An experimental campaign was
carried out to test and validate in-flight the application called SEP, developed in this PhD thesis.

In the first chapter, the current context of research in the field of convex optimisation, but also
of the algorithms for solving the problem in real time using the onboard computers equipping the
space vehicles, was presented. In the second chapter some introductory notions related to the
convex optimisation technique were presented, and in the third chapter the mathematical derivation
of the problem of minimizing the amount of fuel required for the vertical landing of space
demonstrators and its discretization was presented.

Chapter four provided an overview of the methodology proposed and pursued in this PhD
thesis, while chapter five briefly presented the reusable DTV platform used for testing and in-flight
validation of the developed real-time application.

In the sixth chapter, the numerical results for a mission considered nominal for the validation
of the derived mathematical model for the problem of interest were presented. The results
demonstrated that the problem is a convex one, and the selected CVX module was considered
suitable for solving it. Chapter seven details the numerical implementation in the commercial C
code generator, CVXGEN. Monte Carlo simulations were carried out in the presence of the
uncertainties of the initial conditions and the results obtained confirmed the robustness of the real-
time application containing the solver, but also its applicability in real-time convex optimisation
problems.

The developed real-time application was integrated into DTV's flight simulator, provided as a
protected model, and the results presented in Chapter eight confirmed that the solver-optimised
trajectory is operationally feasible given the constraints of the DTV demonstrator.

The results of real-time testing and validation were presented in the ninth chapter, and the
results obtained from tests using the SpeedGoat system confirm that this application can be used
in a real flight to optimise the trajectory of the demonstrator. The computation time required to
obtain an optimal in-flight trajectory is in the order of 10 milliseconds in ideal hardware conditions,
which makes it suitable for in-flight optimal trajectory generation.

The developed SEP application was tested and validated following experimental flight
campaigns, and the results were presented in chapter ten. Two experimental missions were
considered and a total of five flights were performed at the INCAS quarters in Maneciu, Prahova.
The results of the experimental campaign demonstrate the feasibility of using the methodology
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proposed in this PhD thesis. The developed SEP application was successfully used in all
experimental flights and provided every time an optimal trajectory in a very short time (of the
order of tens of milliseconds, in real-word operational hardware) regardless of the initial conditions
of the demonstrator, which demonstrates the potential of using this methodology in space missions.

11.3 Prospects for continuation and further development

This PhD thesis focused on the development of algorithms and a complete methodology
integrated into the SEP application for the real-time solution of the convex optimisation problem
for space reusable demonstrators.

The mathematical problem studied is the fixed-time-of-flight convex optimisation problem.
This hypothesis is valid under the conditions studied in this thesis, but if it is desired to study a
vehicle re-entering the Earth's atmosphere, and, in this regard, it is also necessary to optimise the
flight time onboard. A further improvement is to study and implement the free flight time landing
problem and optimise it onboard the vehicle. Another improvement that can be made to the
mathematical model is the addition of vehicle attitude constraints, which finally leads to a
mathematical problem with six degrees of freedom.

In this thesis, a commercial solver generator, CVXGEN, was used for automatic C code
generation. Considering the current state of research in the field and the directions that the space
industry is pursuing, it is of interest to develop a dedicated automatic code generator to solve the
fixed-point landing problem, because CVXGEN or commercial alternatives deal with general
convex optimisation problems, which is not always an optimal implementation option. Another
future perspective of interest is the development of a complete process that provides users with a
dedicated environment for the integration and further use of this generated code, together with a
flexible graphical interface.

Another direction for further research and development is the use of the SEP application
proposed in this work in a complex program for landing on the Moon or Mars. For high precision
landing it is necessary to use a SEP type application in conjunction with onboard image processing
software. By analysing images during re-entry in real time, the algorithm can select a landing site
based on the constraints imposed and transmit the coordinates of the chosen target site to an
application resembling the developed SEP application. The target point selected by the image
processing algorithm can be sent to the that specific application, thus becoming an integrated part
of the real-time landing trajectory optimisation process. Given the current space research context,
it is expected that the scenario described above will become recurring practice in future space
missions, and the research efforts described in this PhD thesis represent a solid starting point,
demonstrating the feasibility of implementation and use the SEP application in real time.
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