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Rezumat

Această teză prezintă cele mai importante rezultate ale cercetării mele ı̂n teoria metrică

a fracţiilor continue. Publicate după 2005, ı̂n jurnale internaţionale de impact, aceste

rezultate reprezintă noi realizări după obţinerea titlului de doctor ı̂n 1996.

Exceptând teoria clasică a fracţiilor continue regulate (FCR) fondată pe celebra

funcţie a lui Gauss, multe cercetări au fost dedicate studiului diferiţilor algoritmi de

reprezentare a numerelor reale prin intermediul şirurilor de numere ı̂ntregi. Teoria me-

trică a fracţiilor continue se referă la studiul şirului aleator al numitorilor parţiali ai

fracţiei continue şi al altor şiruri aferente. Această teorie are conexiuni cu multe domenii,

inclusiv teoria probabilităţilor, teoria ergodică, teoria numerelor, sistemele dinamice (vezi

[11, 17, 21, 31, 42, 43, 50, 64]).

Teza este organizată ı̂n şase capitole. Nucleul tezei constă din studiul sistematic a

trei familii mari de fracţii continue. Pentru a ı̂nţelege comportamentul global al unor

astfel de familii, sunt explorate proprietăţile sistemelor dinamice care generează aceste

dezvoltări. Teoremele de tip Gauss-Kuzmin sunt necesare deoarece rezultatele ergodice

nu furnizează rate de convergenţă pentru proprietăţile de mixing.

Capitolul 1 are două scopuri. Primul este acela de a descrie câteva aspecte istorice

referitoare la problema Gauss-Kuzmin-Lévy ı̂mpreună cu evoluţiile sale actuale. Al doilea

obiectiv este prezentarea unor concepte, notaţii şi rezultate generale. Descriem aici prin-

cipalele proprietăţi ale operatorilor Perron-Frobenius şi discutăm despre construcţia unui

lanţ Markov (LM) omogen cu un spaţiu măsurabil de stări arbitrar. Cel mai important

ı̂n acest capitol (vezi Secţiunea 1.4) este un studiu al sistemelor aleatoare cu legături

complete (SALC) şi al lanţurilor Markov asociate [25]. Ne concentrăm asupra unei clase

speciale de LM, numite LM compacte, introduse de Norman [45]. Un LM compact are

spaţiul stărilor un spaţiu metric compact (W,d), iar operatorul său de tranziţie este
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Rezumat 3

un operator Doeblin-Fortet [16] care acţionează pe spaţiul funcţiilor Lipschitz mărginite

L(W ). O clasă importantă de LM compacte cu mare impact ı̂n teoria metrică a FC este

cea a LM asociate unor SALC-uri cu contracţie pe un spaţiu metric compact. Astfel,

este investigată existenţa şi unicitatea unei măsuri de probabilitate staţionare pentru

LM. Aceste rezultate sunt utile ı̂n studiul comportamentului asimptotic al operatorului

de tranziţie asociat LM pe L(W ).

Capitolul al 2-lea este dedicat studiului unei familii de FC legate de anumite şiruri

aleatoare de tip Fibonacci. Aceste dezvoltări ı̂n FC asociate cu puteri ı̂ntregi nepozitive

ale unui ı̂ntreg m ≥ 2 apar ı̂n cercetările lui Chan [8, 9]. Aceste dezvoltări sunt generate

de transformările τm, m ≥ 2, care sunt ergodice ı̂n raport cu o măsură de probabilitate

invariantă γm. În lucrările [55, Int.J.Math.Math.Sci., 2005] şi [27, AIP Conf. Proc., 2006]

am făcut un studiu detaliat al teoriei metrice a acestor dezvoltări ı̂n cazul m = 2. Am

demonstrat o versiune a unui rezultat Brodén-Borel-Lévy care ne-a permis să subliniem

proprietăţile şirului numitorilor parţiali (an)n∈N+ şi ale şirurilor aferente (s2,n)n∈N+ şi

(sa2,n)n∈N+ , a ≥ 0. Construind extensia naturală (vezi Nakada [44]) a sistemului dinamic,

am evidenţiat proprietăţile stocastice ale şirului extins de numitori parţiali (āl)l∈Z. Am

introdus o familie de măsuri de probabilitate (γ2,a)a≥0 astfel ı̂ncât ı̂n cazul limită a = ∞,

γ2,∞ coincide cu măsura Lebesgue λ pe (I,BI). Astfel, acest şir (sa2,n)n∈N+ apare ca

un LM cu valori ı̂n I ∪ {a} pe (I,BI , γ2,a). În [55] am investigat operatorul Perron-

Frobenius Pµ al transformării τ2 ı̂n raport cu diferite măsuri de probabilitate µ pe BI .

Studiul s-a axat pe operatorul Perron-Frobenius Pγ2 ı̂n raport cu măsura invariantă γ2

indusă de funcţia de repartiţie limită. Trebuie spus că proprietăţile operatorului Perron-

Frobenius definit pe spaţiul Banach L1
γ2
(I) nu sunt suficient de tari pentru a conduce

la o soluţie satisfăcătoare a problemei Gauss-Kuzmin-Lévy. Totuşi, restricţionând Pγ2

la alte spaţii Banach, proprietăţile lui sunt substanţial mai tari. De fapt, pentru orice

a ≥ 0, operatorul liniar şi mărginit Pγ2 restricţionat la B(I) (spaţiul Banach al funcţiilor

măsurabile mărginite f : I → C ı̂n raport cu norma supremum) coincide cu operatorul

de tranziţie al LM (sa2,n)n∈N+ . Ulterior, ı̂n [55] am restricţionat operatorul Pγ2 la spaţiul

Banach al funcţiilor care au derivată continuă pe I. Proprietăţile semnificative ale acestui

operator ne-au permis să ı̂mbunătăţim un rezultat al lui Chan [8] care a arătat că rata

de convergenţă a funcţiilor de repartiţie λ (τn2 < x) ale iteratelor lui τ2 la γ2([0, x]), x ∈ I
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este O(qn) când n → ∞ cu q ≤ 0.880555 uniform ı̂n raport cu x. Pentru termenul eroare

e2,n(µ;x) = µ
(
τ−n
2 [0, x]− γ2([0, x])

)
, n ≥ 1, x ∈ I, unde µ ≪ λ, am obţinut marginile

superioară şi inferioară, O(wn) şi, respectiv, O(vn) când n → ∞ cu w < 0.209364308

şi v > 0.206968896. Importanţa acestui rezultat a fost reliefată ı̂n articolul [27, AIP

Conf. Proc., 2006]. Restricţionând operatorul Pγ2 la spaţiul Banach al funcţiilor cu

variaţie mărginită pe I am demonstrat că rata de convergenţă exactă (optimă) a lui

γ2,a(s
a
2,n ≤ x) la γ2([0, x]) este O(g2n) când n → ∞, cu g2 = (3 −

√
5)/2 = 0.38196 . . .

uniform ı̂n raport cu x. Este o sarcină foarte dificilă, dacă nu chiar imposibilă, obţinerea

unei rate de convergenţă exacte. Pentru transformarea generalizată τm, m ≥ 3, măsura

invariantă γm are o expresie mult mai complicată. În articolul [56, Tokyo J. Math., 2010]

am obţinut o soluţie aproape optimă a problemei Gauss-Kuzmin-Lévy ı̂n cazul m ≥ 3.

Capitolul al 3-lea colectează toate rezultatele obţinute pentru θ-dezvoltări, incluse

ı̂n articolele [57], [58] şi [59]. Chakraborty şi Rao [7] au introdus dezvoltarea ı̂n fracţie

continuă a unui număr ı̂n raport cu un număr iraţional θ ∈ (0, 1). În [58, J. Funct. Spaces,

2014] am făcut un studiu detaliat al proprietăţilor metrice ale acestor dezvoltări. Am dat o

reprezentare de lanţ de ordin infinit şirului de numitori parţiali ai θ-dezvoltării. Am arătat

că SALC-urile asociate acestor dezvoltări sunt cu contracţie şi operatorii lor de tranziţie

sunt regulaţi ı̂n raport cu spaţiul Banach al funcţiilor Lipschitz. Acestea ne-au permis

să demonstrăm prima teoremă Gauss-Kuzmin pentru θ-dezvoltări. Folosind o abordare

de tip Wirsing [69] a operatorului Perron-Frobenius ı̂n raport cu măsura invariantă a

transformării Tθ care generează θ-dezvoltările, ı̂n [57, J.Number Theory, 2017] am studiat

optimizarea ratei de convergenţă. De fapt, ı̂n [57, J.Number Theory, 2017] pentru a

ne apropia de rata de convergenţă optimă, am dedus marginile superioară şi inferioară

ale termenului eroare care oferă o soluţie a problemei Gauss-Kuzmin-Lévy. În final, ı̂n

[59, J.Number Theory, 2019] am demonstrat o teoremă Gauss-Kuzmin asociată extensiei

naturale a transformării Tθ. În continuare, proprietăţile caracteristice ale operatorului

Perron-Frobenius pe spaţiul Banach al funcţiilor cu variaţie mărginită ne-au permis să

obţinem o estimare mai rafinată a ratei de convergenţă.

Capitolul al 4-lea este consacrat studiului asupra FC Rényi generalizate făcut ı̂n [36],

[37], [61] şi [62]. Aceste FC reprezintă o clasă specială de backward FC investigate de

Gröchenig şi Haas ı̂n [19, 20]. În [36, Acta Math. Hungar., 2020] am ı̂nceput o abor-
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dare a teoriei metrice a dezvoltărilor ı̂n FC de tip Rényi prin intermediul dependenţei cu

legături complete şi am obţinut o versiune a teoremei Gauss-Kuzmin bazată pe compor-

tamentul ergodic al SALC asociat. În [37, Acta Arith., 2020] am continuat investigaţia

comportamentului asimptotic al funcţiilor de repartiţie ale iteratelor transformării de tip

Rényi RN . Pentru a demonstra o teoremă Gauss-Kuzmin-Lévy pentru aceste dezvoltări,

am aplicat metoda lui Szüsz [67]. De fapt, am obţinut mai multe informaţii despre rata

de convergenţă pentru care am găsit o expresie explicită ı̂n termeni de funcţiile zeta ale

lui Hurwitz. Prin restricţionarea operatorului Perron-Frobenius al lui RN ı̂n raport cu

măsura invariantă la spaţiul Banach al funcţiilor care au derivata continuă, ı̂n [61, Period.

Math. Hungar., 2020] am obţinut cel mai bun ordin de convergenţă. În lucrarea recentă

[62, Period. Math. Hungar., 2022] am demonstrat o teoremă Gauss-Kuzmin bidimen-

sională pentru funcţia de repartiţie comună a lui Rn
N şi saN,n, n ∈ N+, N ≥ 2, a ∈ I, cu o

estimare foarte bună a termenului eroare.

Capitolul al 5-lea prezintă investigarea eficienţei familiilor de FC studiate ı̂n capitolele

precedente. În plus, considerăm o nouă familie de N -FC pe care am studiat-o recent ı̂n

[60, Publ. Math. Debrecen, 2020]. Deoarece există mai mulţi algoritmi pentru FC, ne

ı̂ntrebăm care dintre ei oferă cea mai bună aproximare a unui număr real. Reprezentarea

unui număr real printr-o FC poate fi privită ca o sursă de informaţie despre acel număr.

Conceptul de entropie Kolmogorov-Sinai este adecvat pentru clasificarea sistemelor di-

namice, distingând sistemele dinamice non-izomorfe. Folosind un rezultat extins al lui

Lochs [39], care a comparat eficienţa dezvoltărilor zecimale şi ı̂n FCR, ı̂n [38, Mathemat-

ics, 2021] am studiat eficienţa FCR, a FC Chan, a θ-dezvoltărilor, a N -FC şi a FC de

tip Rényi. Teorema Dajani-Fieldsteel [10] reprezintă un instrument util de comparare

a oricăror două dezvoltări de numere care sunt generate de transformări surjective, ı̂n

anumite condiţii. Folosind proprietăţile metrice ale acestor dezvoltări, formula lui Rohlin

[48] pentru calculul entropiei, ı̂n ipoteza ı̂n care condiţia lui Rényi este satisfăcută, am

decis că N -FC sunt mai eficiente decăt FC de tip Rényi, că N -FC şi FC de tip Rényi

sunt mai eficiente decât FCR, care sunt mai eficiente decât FC-Chan. Astfel, N -FC sunt

cele mai eficiente pentru reprezentarea unui număr real din intervalul unitate.

Capitolul al 6-lea este dedicat prezentării unor planuri de viitor privind cariera pro-

fesională şi ştiinţifică a autoarei.



Abstract

This thesis presents the most important results of my research in the metrical theory of

continued fractions. Published after 2005, in several high impact international journals,

they represent new achievements after obtaining the PhD title in 1996.

Except for the classical theory of regular continued fractions (RCFs) based on the

famous Gauss map, a large amount of research has been devoted to the study of various

algorithms for the representation of real numbers by means of sequences of integers.

The metrical theory of the continued fraction expansion is about the sequence of

its incomplete quotients and related sequences. This theory has connections with many

fields, including probability theory, ergodic theory, number theory, dynamical systems

(see, e.g. [11, 17, 21, 31, 42, 43, 50, 64]).

The thesis is organized in six chapters. The core of the thesis consists of the systematic

study of three large families of continued fractions. To understand the global behavior of

such families of expansions of numbers, the properties of dynamical systems that generate

them are explored. Since the ergodic results do not yield rates of convergence for mixing

properties, Gauss-Kuzmin-type theorems are needed.

Chapter 1 has two purposes. The first one is to describe some historical aspects con-

cerning the Gauss-Kuzmin-Lévy Problem together with its current developments. The

second goal is to present some concepts, notations and general results. We describe the

main properties of Perron-Frobenius operators and we discuss the construction of a ho-

mogeneous Markov chain with an arbitrary measurable state space. The most important

part of this chapter (see Section 1.4) is a survey of random systems with complete connec-

tions (RSCCs) and the associated Markov chains (MCs) [25]. We focus on a special class

of MCs, called compact MCs, introduced by Norman [45]. For a compact MC its state

space is a compact metric space (W, d) and its transition operator is a Doeblin-Fortet
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operator [16] acting on the space of bounded Lipschitz functions L(W ). An important

class of compact MCs with great impact in the metrical theory of continued fractions is

that of MCs associated with RSCCs with contraction on a compact metric space. Thus,

the existence and uniqueness of a stationary probability measure for the chain is inves-

tigated. These results are very useful in order to study the asymptotic behavior of the

associated transition operator of the MC on L(W ).

Chapter 2 is devoted to the study of a family of continued fractions related to some

random Fibonacci-type sequences. These continued fraction expansions associated with

non-positive integer powers of an integerm ≥ 2 appear in the investigations of Chan [8, 9].

These expansions are generated by transformations τm, m ≥ 2, which are ergodic with

respect to an invariant probability measure γm. In our papers [55, Int.J.Math.Math.Sci.,

2005] and [27, AIP Conf. Proc., 2006] we made a detailed study of the metrical theory

of these expansions in the case m = 2. We proved a version of a Brodén-Borel-Lévy

result, which allowed to emphasize the properties of the sequence of partial quotients

(an)n∈N+ and related sequences (s2,n)n∈N+ , and (sa2,n)n∈N+ , a ≥ 0. By constructing the

natural extension (see Nakada [44]) of the measure-dynamical-system, we revealed the

stochastic property of the sequence of extended partial quotients (āl)l∈Z. We introduced

a family of probability measures (γ2,a)a≥0, such that in the limit case a = ∞, γ2,∞ is the

Lebesgue measure λ on (I,BI). Thus, the sequence (s
a
2,n)n∈N+ appears as an I∪{a}-valued

Markov chain on (I,BI , γ2,a). In [55] we investigated the Perron-Frobenius operator Pµ

of the transformation τ2 under different probability measures µ on BI . The study focused

on the Perron-Frobenius operator Pγ2 of τ2 under the invariant measure γ2 induced by

the limit distribution function. It should be said that the asymptotic properties of the

Perron-Frobenius operator defined on the Banach space L1
γ2
(I) are not strong enough

to lead to a satisfactory solution to Gauss-Kuzmin-Lévy problem. Nevertheless, when

restricting Pγ2 to other Banach spaces they are substantially stronger. Actually, for any

a ≥ 0 the bounded linear Perron-Frobenius operator Pγ2 restricted to B(I) (the Banach

space of all bounded measurable functions f : I → C under the supremum norm) is the

transition operator of the Markov chain (sa2,n)n∈N+ . Subsequently, in [55] we restricted the

Perron-Frobenius operator Pγ2 on the Banach space of functions which have a continuous

derivative on I. The significant properties of this operator allowed us to improve a
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result of Chan who showed in [8] that the convergence rate of the distribution function

λ (τn2 < x) of τn2 to γ2([0, x]), x ∈ I is O(qn) as n → ∞ with q ≤ 0.880555 uniformly

in x. For the error term e2,n(µ;x) = µ
(
τ−n
2 [0, x]− γ2([0, x])

)
, n ≥ 1, x ∈ I, where

µ ≪ λ, we obtained upper and lower bounds, respectively O(wn) and O(vn) as n → ∞

with w < 0.209364308 and v > 0.206968896. The impact of this result was given in our

next paper [27, AIP Conf. Proc., 2006]. By restricting the Perron-Frobenius operator

Pγ2 to the Banach space of functions of bounded variation on I, we proved that the

exact (optimal) convergence rate of γ2,a(s
a
2,n ≤ x) to γ2([0, x]) is O(g2n) as n → ∞, with

g2 = (3−
√
5)/2 = 0.38196 . . . uniformly in x. To obtain an exact convergence rate is a

very difficult task, if not impossible. For the generalized transformation τm, m ≥ 3, the

invariant measure γm has a much more complicated expression. In our paper [56, Tokyo

J. Math., 2010] we provided a near-optimal solution to the Gauss-Kuzmin-Lévy problem

in the case m ≥ 3.

Chapter 3 collects all our results obtained on θ-expansions included in the papers

[57], [58] and [59]. Chakraborty and Rao [7] have introduced the continued fraction

expansion of a number in terms of an irrational θ ∈ (0, 1). In [58, J. Funct. Spaces,

2014] we made a detailed study of the metric properties of these expansions. We gave

an infinite-order-chain representation of the sequence of the incomplete quotients of the

θ-expansions. We showed that the RSCCs associated with these expansions are with

contraction and their transition operators are regular with respect to the Banach space

of Lipschitz functions. These allowed us to prove the first Gauss-Kuzmin theorem for θ-

expansions. Using a Wirsing-type approach [69] to the Perron-Frobebius operator of the

map Tθ generating θ-expansions, under its invariant measure, in [57, J.Number Theory,

2017] we studied the optimality of the convergence rate. Finally, in [59, J.Number Theory,

2019], we proved a Gauss-Kuzmin theorem related to the natural extension of the map

Tθ. Next, the characteristic properties of the Perron-Frobenius operator on the Banach

space of functions of bounded variations allowed us to obtain a more refined estimate of

the convergence rate involved.

Chapter 4 is devoted to our study on generalized Rényi CFs done in [36], [37], [61]

and [62]. These CFs represent a special class of backward CFs investigated by Gröchenig

and Haas in [19, 20]. In [36, Acta Math. Hungar., 2020] we started an approach to the
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metrical theory of Rényi-type CF expansions via dependence with complete connections

and we obtained a version of the Gauss-Kuzmin theorem based on the ergodic behavior

of the associated RSCC. In [37, Acta Arith., 2020] we continued our investigation on the

asymptotic behavior of the distribution functions of the Rényi-type transformation RN .

In order to prove a Gauss-Kuzmin-Lévy theorem for these expansions, we applied the

method of Szüsz [67]. In fact, we obtained more information on the convergence rate for

which we gave an explicit expression in terms of Hurwitz zeta functions. By restricting

the Perron-Frobenius operator of RN under its invariant measure to the Banach space of

functions which have a continuous derivative, in [61, Period. Math. Hungar., 2020] we

obtained the best possible order of convergence. In our very recent paper [62, Period.

Math. Hungar., 2022] we proved a two-dimensional Gauss-Kuzmin theorem for the joint

distribution function of Rn
N and saN,n, n ∈ N+, N ≥ 2, a ∈ I, with a very good estimation

of the error term.

Chapter 5 presents the investigation of the efficiency of the families of CFs studied

in the previous chapters. In addition, a new family of N -CFs recently studied by us in

[60, Publ. Math. Debrecen, 2020] is considered. Since there are several CF algorithms,

we ask ourselves which of them provides the best approximation of a real number. The

representation of a real number by a CF can be viewed as a source of information about

the number. The concept of Kolmogorov-Sinai entropy is adequate in the classification

of dynamical systems, by distinguished non-isomorphic dynamical systems. Using an

extended result of Lochs [39] who compared the efficiency of decimal and RCF expansions,

in [38, Mathematics, 2021] we decided about the efficiency of RCFs, Chan’s CFs, θ-

expansions, N -CFs and Rényi-type CFs. Dajani-Fieldsteel theorem [10] represents an

useful tool to compare any two expansions of numbers which are generated by surjective

transformations, under certain conditions. Using metric properties of these expansions,

a Rohlin’s entropy formula [48], under the assumption that Rényi’s condition is satisfied,

we decided that N -CFs are more efficient than Rényi-type CFs, N -CFs and Rényi-type

CFs are more efficient than RCFs, which are more efficient than Chan’s CFs. Thus,

N -CFs are the most efficient at representing a number in the unit interval.

Chapter 6 is dedicated to presentation of some future plans regarding the professional

and scientific career of the author.
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France 65 (1937) 132–148.

[17] Durrett, R., Probability theory: Theory and examples 3rd ed., Thomson

Brooks/Cole, 2005.

[18] Galambos, J., The distribution of the largest coefficient in continued fraction expan-

sions, Q. J. MATH., 23(2) (1972), 147–151.
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