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1. Introduction 

1.1. Importance of the theme and motivation behind its study 

The study of robotic systems continues to be an area of interest, where new methods for 
their simulation [52], [72] and control [37] are being investigated. Various researchers generally 
study simple robotic systems without applications for the common man in his everyday life [22], 
[61]. A first obstacle that a home user, or an elderly person might face in using a robotic system, 
would be its adversity to a classical robotic arm with a simple prehension system. For this reason, 
the robot studied in this PhD thesis attempts to mimic a human arm as closely as possible, both in 
the movement it is intended to perform and in the size of the system.  

Above all, the method of prehension is very important as it can attract or repel potential 
home users. The human hand is a complex biological mechanism [26], [29], [55], difficult to 
replicate at low cost, which is why, in general, classical graspers have a small number of degrees of 
freedom and no possibility to manipulate an already grasped object [34], [69], [73]. There are also 
studies on anthropomorphic graspers with a large number of degrees of freedom [2], [46], but they 
are difficult to operate by an inexperienced user.  

The literature often studies either only the robotic arm [17] or only the prehensor [25], 
without considering the influence that one has on the other. 

The prices of anthropomorphic robotic arms are generally high [79], [80], [81] In the present 
work, the aim is to produce a model that can be practically realized at a low cost, built from 
prefabricated parts that can be printed using a 3D printer. By following this design strategy, 
modifications can be subsequently made to the robotic arm designed and presented in this paper. 

This PhD thesis aims to conduct a full kinematic and dynamic study of an original 
anthropomorphic hand-arm system for domestic use. 

 

1.2. General knowledge 

The study of robotic systems consisting of an arm and a prehension system is an important 
field of study which, although addressed by many researchers, is still of interest and offers a wide 
range of research directions. 

This PhD thesis studied an anthropomorphic robotic arm with 7 degrees of freedom 
corresponding to the three joints of the human arm (shoulder - 3 degrees of freedom, elbow - 1 
degree of freedom, wrist - 2 degrees of freedom), plus an additional degree of freedom from the 
movement of the forearm around its longitudinal axis. 

An anthropomorphic prehensor (a robotic hand) with 5 fingers and 6 mobilities has been 
placed at the end of this robotic arm. The main reason for using such a complicated mechanism is to 
be able to make a robot that can be used for domestic use, in which case the shape and visual 
proximity of the robot hand to a human hand is an advantage for use by different people. 

 

1.3. Study methods  

Two problems are studied in robot dynamics [18] [45]. The first is that of direct dynamics, 
in which the laws of variation of forces and moments are taken to be known and the motion to be 
performed by the robot is determined. The second problem is that of inverse dynamics, in which the 
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motion to be performed by the robot is taken to be known and the forces and moments required to 
perform it are determined. 

Buondonno and De Luca [5] used a Newton-Euler algorithm to solve the inverse dynamics 
problem of a robot with elastic joints. Sutanto et al [60] used a recursive Newton-Euler algorithm to 
control a robotic arm with 7 degrees of freedom. Gonçalves et al. [20] used a Newton-Euler 
algorithm to dynamically model a robot consisting of 24 bodies, with 19 degrees of freedom, driven 
by 4 linear motors and 15 revolution servomotors. Zhang et al [74] studied a robotic arm 
dynamically using the Newton-Euler algorithm to determine the moments in the joints of the XB7 
robotic arm. 

Wang et al [71] analyzed the dynamic behavior of the joints of an industrial robot using 
theory from multibody system dynamics. 

 

1.4. Paper structure  

This paper contains nine chapters. 
The first chapter, Introduction, gives some general background on the importance of the 

topic, justifies the choice of this topic, and states the aims and objectives of the paper. 
The second chapter, Current Status, presents a brief history of the topic, reviews the 

literature in the field of robotic arms and hands, and frames the topic within current research 
directions. 

The third chapter, Presentation of the studied system, highlights the modifications to the 
anthropomorphic prehensor underlying the study and the design of the robotic arm studied in the 
PhD thesis. 

The fourth chapter, System configuration study, presents how to determine the positions of 
the significant points of the robotic hand-arm system (joints and centers of mass), considering 
known values of the active joint parameters. Laws of variation of these parameters are also defined 
and considered later in numerical applications. 

In the fifth chapter, entitled Kinematic study, methods for calculating the angular velocities 
and accelerations of the elements of the hand-arm robotic system, as well as the velocities and 
accelerations of significant points, are presented. 

The sixth chapter, Inverse Dynamics, is devoted to determining the forces and moments in 
the joints when the motion of the robot is known, as well as the external forces. The formulas and 
equations used are deduced by the methods of classical mechanics (based on the impulse theorem 
and the kinetic momentum theorem). Alternatively, the driving forces and moments are also 
determined by the methods of analytical mechanics (based on D’Alembert’s principle and the 
principle of virtual powers). 

In the seventh chapter, Direct Dynamics is studied, where, knowing the driving forces and 
moments of each actuator, the motion of the elements of the hand-arm system is determined. 

The eighth chapter, entitled Vibrations, deals with the determination of the proper pulsations 
of the fingers of the robotic hand as well as of the whole hand. 

The concluding chapter presents the conclusions of this PhD thesis, the original 
contributions made by the author and the potential future directions of development of the topic.



 

2. Current status 

2.1. A Brief history of robotics  

Robots can be defined as machines that can operate either automatically or remotely [8] and 
can perform manipulation and motion tasks [75], being operable along two or more axes [76]. 

The popularity of robotic manipulators has steadily increased since their launch, and their 
ability to work in hazardous or toxic conditions [11], as well as their propensity to perform cyclic 
operations, has led to their increasing use in industrial applications. 

2.2. Current status in robotic arms 

Most robotic arms in existence today use two types of kinematic couplings with one degree 
of freedom each [58]: 

 of rotation (of revolution) (fig. 2.1 a); 
 of translation (prismatic) (fig. 2.1 b). 

 

  
a) b) 

Fig. 2.1. Types of kinematic couplings used for manipulators 

Both types of couples have one degree of freedom each. The revolution coupling only 
allows rotation through an angle θ about the axis of the joint (Fig. 2.1 a). The prismatic coupling 
allows only rectilinear motion with a displacement x along its axis (fig. 2.1 b). 

In addition to prismatic and revolution couplings, the following types of joints are also used 
in practice [58]: 

 helical coupling; 
 cylindrical coupling; 
 universal coupling; 
 spherical couplings. 

The movements allowed by revolution and prismatic couplings are plane, while the 
movements allowed by helical, cylindrical, universal, or spherical couplings are three-dimensional. 

A classification of industrial manipulators can be made according to the presence of closed 
or open kinematic chains. Thus, there are two broad categories of industrial robots: 

 serial manipulators; this category includes robots with an open kinematic coupling chain and 
independent joint coordinates; 

 parallel manipulators; this category includes robots with a closed kinematic torque chain, the 
joint coordinates being linked by dependency relations [64]. 
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2.3. Current status in robotic hands 

The prehensor, or robotic hand, is the end effector of any robotic arm, with the function of 
grasping the object and manipulating it, which is why many research centers are interested and 
investigating the entire process [42]. 

Most grippers currently used in industry are simple mechanisms designed to perform simple 
repetitive operations of grasping and releasing objects [8]. However, they do not allow the 
manipulation of already grasped objects, which is essential for a robot with a wide range of  

Anthropomorphic graspers or anthropomorphic mechanical hands have become an 
increasingly interesting topic for many researchers due to the versatility they have, unlike the 
currently used pincer or clamp-type graspers [43] [63]. 

The human hand is a complex biological mechanism, consisting of 27 bones (14 phalanges, 
5 metacarpal and 8 carpal) and can be modelled as a system of rigid bodies, single joints and double 
joints with 25 degrees of freedom [1], [53] (Fig. 2.10). 

Many examples of anthropomorphic robotic hands with a large number of degrees of 
freedom can be found in the literature, such as the Gifu II hand [28] or the OCU I hand [38], which 
have 16 and 19 degrees of freedom, respectively.  

 

 

Fig. 2.10. The human hand in Abdel-Malek's proposed model 

Such mechanisms are complex and difficult to use effectively because of the substantial 
number of actuators required to control them. To reduce the weight and complexity of such robotic 
hands, a system with a reduced number of actuators can be used, where some elements are 
connected by additional links. In the literature [12] there are many such robotic hands with a 
reduced number of degrees of freedom, designed to limit the size of the systems, such as the HRI 
hand [47] or the Alaris hand [44], both with 6 degrees of freedom. 

 

3. Presentation of the studied system 

To realize a hand-arm robotic system with a wide range of use, in the present work an 
anthropomorphic gripper was chosen, realized by improving the uHand robotic hand [78], [83], 
(Fig. 3.1). 
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a) b) 

Fig. 3.1. uHand robotic hand 

 

3.1. uHand robotic hand 

The uHand anthropomorphic robotic hand was made by Lobot. The prehensor has been 
studied in references [23], [24], but both works were limited to determining the positions of 
significant points of the system. 

 

  
a) b) 
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Fig. 3.5. Grasping two spherical objects 

An advantage of an anthropomorphic gripper is the ability to distribute the normal force 
applied to objects over a larger area, thus reducing the pressure applied to them. 

Figure 3.5 shows the gripping of two spherical objects of varied sizes using the 
anthropomorphic robotic hand shown. 

As can be seen, because the two objects have varied sizes, the gripping method applied to 
them is also different. Only three fingers are needed to grasp the object in figure 3.5 a), with the 
first finger being the supporting base and the other two fingers balancing it. For the object in figure 
3.5 b), the first finger is the balancing finger, while the other three fingers and the palm acting on 
the object take over the degrees of freedom of the object. 

Although the anthropomorphic robotic hand can easily grasp objects of varied sizes and 
shapes, as can be seen from the analysis of Figure 3.5, one problem with this anthropomorphic 
gripper is the impossibility of manipulating the object once it has been grasped. 

Considering these issues, a number of modifications were made to the uHand to improve its 
grasp ability and to reduce the mass of the system. 

3.2. Improvements brought to the uHand robotic hand  

A first improvement that can be made to the uHand is the implementation of an additional 
degree of freedom for the thumb to rotate around an axis perpendicular to the palm of the hand. In 
this way, the functionality of this mechanical thumb approaches that of the human thumb. 

However, the servomotors occupy most of the interior of the casing, which limits or even 
prevents the possibility of placing the components of the additional degree of freedom control 
mechanism. To this end, servomotors can be replaced by linear actuators, which are characterized 
by smaller volumes and masses. 

 

 
 

a) b) 
Fig. 3.8. 3D model of the anthropomorphic prehensor 

The housing of the linear actuator is made of plastic, while the actuator system (actuator 
rod) is made of duralumin. The maximum elongation of the chosen actuator is 21 mm and its 
nominal speed is 15 mm/s at a nominal voltage of 12 V. The motor speed can be changed by 
changing the motor supply voltage accordingly. Once the upper elongation or lower contraction 
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limit is reached, the motor automatically disconnects the power supply. Reversing the polarity of 
the current can change the direction of the drive. The nominal force that the linear actuator produces 
is 64 N. The 3D geometry of the anthropomorphic uHand is shown in Figure 3.8. Taking as 
reference finger III, finger II is rotated by 5ᵒ and finger I by 45ᵒ with respect to an axis 
perpendicular to the finger attachment plate. Relative to the same axis, but in the opposite direction, 
fingers IV and V are rotated by 3ᵒ and 6ᵒ, respectively. The axes of the rod grippers transmitting 
motion from the actuator yoke to the fingers are marked on the figure with white circles. 

  
a) b) 

Fig. 3.9. Position of linear actuators 

The location of each actuator was chosen so that the movements of the yoke, rod and 
phalanges were in parallel planes (Fig. 3.9). 

To flex fingers II-V the corresponding linear actuators must be extended, while due to the 
geometry of the system the actuator corresponding to finger I must have an opposite, restricting 
movement. 

The thumb, together with its flexing mechanism (linear actuator and motion transmitting 
rod) is placed on a plate (fig. 3.11), which can be rotated by the additional degree of freedom 
control mechanism. 

 
Fig. 3.11. Finger I assembly 

The additional degree of freedom control mechanism is operated by an LFD-06 type 
servomotor, taken from those that have been replaced by linear actuators (fig. 3.12). 
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Fig. 3.12. Anthropomorphic hand assembly with 6 mobilities 
 

3.3. Robotic arm 

The modified anthropomorphic prehensor, shown in the previous paragraphs, was attached 
to an anthropomorphic robotic arm. It was designed by the author to be made of prefabricated 
materials with 3D printable joints. It was also intended that any changes to the design could be 
easily made, again using a 3D printer. 

Such a human-like robotic arm was chosen to make a familiar-looking device for the home 
user, who is inexperienced in using robots. 

 

 
Fig. 3.13. 3D model of the robotic arm 

In the designed robotic arm model (Fig. 3.13), servomotors 1-3 of type LFD-06 play the role 
of the ball joint present in the human shoulder. Servomotors 4 and 5, allow a system movement like 
that of the human forearm. Thus, the rotation allowed by the elbow joint is performed by 
servomotor 4 and the movement around the longitudinal axis of the forearm, produced by the ulna 
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and radius bones, is performed by servomotor 5. Servomotors 6 and 7 allow a movement such as 
that performed by the double wrist joint in two transverse directions. 

The joints connect 10 mm diameter duralumin rods, which perform the role of bones in the 
human arm. 

Three types of joints were used, whose 3D models are shown in Figure 3.14. 
Joints 1, 3 and 5 (Fig. 3.13 a) allow rotation around the axes of the bars they connect. Joints 

2, 4, 6 and 7 (Fig. 3.13 b, c) allow rotational movements about axes perpendicular to the directions 
of the bars, with the proviso that joint 2 connects initially perpendicular bars and joints 4, 6 and 7 
connect initially parallel bars. The different geometry of hinge 2 from that of hinges 4, 6 and 7 is 
necessary because of the limitation of the rotational possibilities of these devices as well as of the 
servomotors. 

   
a) Joints 1, 3 and 5 b) Joint 2 c) Joints 4, 6 and 7 

Fig. 3.14. 3D models of the joints (details) 

At the end of the arm, attach the robotic hand with 6 degrees of mobility shown in the 
previous paragraph, resulting in a robotic hand-arm system (Fig. 3.15). This system is studied 
geometrically, kinematically, and dynamically in the following chapters. 

 
Fig. 3.15. 3D Model of the hand-arm system



 

4. Study of system configuration 

In modelling the system, the following types of body-to-body connections were used: 
 free, cylindrical joints - allowing rotation about the axis of symmetry; 
 universal free joints - allowing rotation about the axis of symmetry as well as about an axis 

perpendicular thereto, locking rotation about the other perpendicular axis, generally in the 
longitudinal direction of the following body;  

 free, spherical joints - allowing rotation about all three axes; 
 controlled, cylindrical joints - imparting rotation about the axis of symmetry; 
 controlled joints, prismatic ¬- which impart translation along the longitudinal axis. 

The choice of link types was made in such a way as to avoid both under- and overstressing 
of the mechanical system, and therefore so that the system of dynamic equations calculating the 
forces and moments in the links is compatible and determinate. 

 

4.1. Mechanical modelling of the hand-arm robotic system 

The human arm, has three joints, all controlled: 
 a ball joint (shoulder joint), 
 a double joint (elbow joint and a joint corresponding to the movement of the ulna and radius 

bones rotating the forearm around its longitudinal axis), 
 a double joint (wrist joint). 

The spherical and double ball-and-socket joints are difficult to produce in practice by 3D 
printing and to put into operation accurately, which is why it was decided to replace them with 
cylindrical joint systems, driven independently by rotary servomotors (Fig. 3.13). This results in the 
cylindrical ball-and-socket joints of O1, O2, O3, O4, O5, O6 and O7 (fig. 4.1). 

 

 
Fig. 4.1. Mechanical model of the studied robotic arm  

The resulting mechanical model (Fig. 4.1) has 7 degrees of freedom of rotation, defined by 
the angles φ0-1, θ1-2, φ2-3, θ3-4, φ4-5, ψ5-6, and θ6-7, around the axes x1, y2, x3, y4, x5, z6, and y7, 
respectively. 

The reference system attached to the i-element was chosen with its origin in the joint Oi and 
with the axis Ox directed to the next joint in the kinematic chain. Coordinate system O1x1y1z1.  
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The coordinate system of the first element of the mechanical model was rotated relative to 
the global reference system O0x0y0z0, around the axis y0 with the angle θ0-1=-90°. 

The anthropomorphic prehension system shown in paragraph 3.2 attaches to the robotic arm 
at the joint O7. 

The thumb additional degree of freedom control system (fig. 4.2 a - 3D model, fig. 4.2 b - 
mechanical model) has three fixed points relative to the reference system 7 (O7, O8 and O10) and 
two mobile points (O9 and F). The degree of freedom added to the thumb is rotation about an axis 
perpendicular to the plate to which fingers 2-5 are attached. 

The links of the additional freedom control system are modelled as follows: 
 in O8 – controlled, cylindrical joint; 
 in O9 – free, universal joint; 
 in F – free, spherical joint; 
 in O10 – free, cylindrical joint. 

For all five fingers, reference system 10 is rotated by an angle ψ7-10 compared to reference 
system 7. For the thumb, this angle is variable and is controlled by means of the quadrilateral 
mechanism, O8O9FO10, allowing the body FO10 to rotate, relative to the axis z10. For fingers 2-5, 
this angle is constant and the mechanism O8O9FO10 is not present. Thus, in the case of these fingers 
systems 8, 9 and 10 coincide. 

 
a) 

 
b) 

Fig. 4.2. System controlling the additional degree of freedom of the thumb 

The geometry of fingers 2-5 (fig. 4.3 a) is like that of finger 1 (fig. 4.3 b). All five fingers 
can be mechanically modelled by the single-mobility system shown in figure 4.3 c. This system is 
composed of a crank rod mechanism with eccentricity (O11O12AO13) and two inverted quadrilateral 
mechanisms (O13O14BO15 and O14O16DO17The distal phalanx continues to the point of contact with 
the object to be grasped. 

The links between the bodies making up the fingers are shaped as follows [14]: 
 in O11 – controlled, prismatic joint; 
 in O12, O15 and O17 – free, universal joint; 
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 in A, B and D – free, spherical joint; 
 in O13, O14 and O16 – free, cylindrical joint. 

 
a) 3D model of finger 1 

 
b) 3D model of fingers 2-5 

 

 
c) mechanical model of fingers 1-5 

 
Fig. 4.3. Finger modelling 

 

4.2. Laws of motion 

The eight rotary servomotors and five linear actuators form a system with 13 control 
parameters (φ0-1, θ1-2, φ2-3, θ3-4, φ4-5, ψ5-6, θ6-7, ψ7-8, s1, s2, s3, s4 and s5). Depending on the 
complexity of the problem to be studied, these parameters may have different values and be 
described by distinct functions. For the studies in chapters 4-6 known laws of motion of these 
parameters have been considered. 

The laws of motion were chosen as follows: 
 for the angular parameters (φ0-1, θ1-2, φ2-3, θ3-4, φ4-5, ψ5-6, θ6-7 and ψ7-8), a law of motion has 

been sought which starts and ends with zero angular velocity and acceleration; such a law of 
motion must be expressed by a function with zero first and second derivatives at the initial 
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and final times, t1 and t2; considering the initial and final values of any rotation angle, f1 and 
f2, a function satisfying these conditions is [77] (fig. 4.4): 

𝑓(𝑡) = 𝑓ଵ + (𝑓ଶ − 𝑓ଵ) ∙ ቎
𝑡 − 𝑡ଵ

𝑡ଶ − 𝑡ଵ
−

sin ቀ2π
𝑡 − 𝑡ଵ

𝑡ଶ − 𝑡ଵ
ቁ

2π
቏ ; (4.1) 

 for the linear parameters (s1, s2, s3, s4 and s5), a simple law of motion was chosen, with 
constant values of the linear motor speed: 

𝑠(𝑡) = 𝑣௠௟ ∙ 𝑡 + 𝑥଴. (4.2) 
 

 
Fig. 4.4. Law of motion and its derivatives for angular parameters 

 

4.3. Rotations. Transformation matrix 

 Transformation between point coordinate matrices 𝑃ଵ, {𝑋ଵ}, respectively {𝑋ଵ
ᇱ}, is a function 

of the form {𝑋ଵ
ᇱ} = 𝑓({𝑋ଵ}, 𝑡), which is shaped [43]: 

 𝑓({𝑋ଵ}, 𝑡) = [𝑇](𝑡) ∙ {𝑋ଵ}, (4.3) 
where [𝑇](𝑡) is, in the case of Euclidean space, a time-dependent transformation matrix defined in 
ℝଷ௫ଷ. 

If the rotation occurs at an angle φ about the Ox axis, the transformation matrix is [3], [15], 
[43], [48]: 

[𝑇௫](φ) = ൥

1 0 0
0 𝑐𝑜𝑠 φ − 𝑠𝑖𝑛 φ
0 𝑠𝑖𝑛 φ 𝑐𝑜𝑠 φ

൩ . (4.4) 

Similarly, if the rotation occurs at an angle θ about the Oy axis, the transformation matrix is: 

ൣ𝑇௬൧(θ) = ൥
𝑐𝑜𝑠 θ 0 𝑠𝑖𝑛 θ

0 1 0
− 𝑠𝑖𝑛 θ 0 𝑐𝑜𝑠 θ

൩ . (4.5) 

Similarly, if the rotation occurs with angle ψ around the Oz axis, the transformation matrix 
is: 

[𝑇௭](ψ) = ൥
𝑐𝑜𝑠 ψ − 𝑠𝑖𝑛 ψ 0
𝑠𝑖𝑛 ψ 𝑐𝑜𝑠 ψ 0

0 0 1
൩. 

 

(4.6) 
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4.4. Determination of coordinates and angles 

The coordinates  X  of a point in any reference system j can be determined using the 
coordinate rotation matrix transformation with respect to a known reference system k, 

{𝑋}௝ = [𝑇]௝௞{𝑋}௞, (4.7) 
where: 

 the reference system j is obtained by rotating the reference system k, first by the angle  
about the Ox axis, then by the angle  about the Oy axis, and finally by the angle  about the 
Oz axis; 

 {X} is the column matrix of coordinates, 

{𝑋} = ቊ
𝑥
𝑦

𝑧
ቋ , (4.8) 

 [T]jk is the rotation matrix from reference system k to reference system j [15], [48], [59], 
[𝑇]௝௞ = 𝑇௫(φ)𝑇௬(θ)𝑇௭(ψ) = 

= ൥

𝑐θ ∙ 𝑐ψ −𝑐θ ∙ 𝑠ψ 𝑠θ
𝑐φ ∙ 𝑠ψ + 𝑠φ ∙ 𝑠θ ∙ 𝑐ψ 𝑐φ ∙ 𝑐ψ − 𝑠φ ∙ 𝑠θ ∙ 𝑠ψ −𝑠φ ∙ 𝑐θ
𝑠φ ∙ 𝑠ψ − 𝑐φ ∙ 𝑠θ ∙ 𝑐ψ 𝑠φ ∙ 𝑐ψ + 𝑠θ ∙ 𝑠ψ 𝑐φ ∙ 𝑐θ

൩ 
(4.9) 

 c and s are the cosine and sine functions applied to the angles of rotation, 

൜
𝑠φ = sin φ𝑗𝑘 𝑠θ = sin θ𝑗𝑘 𝑠ψ = sin ψ𝑗𝑘

𝑐φ = cos φ𝑗𝑘 𝑐θ = cos θ𝑗𝑘 𝑐ψ = cos ψ𝑗𝑘  .
 (4.10) 

At some point in time, the angles φ0-1, θ1-2, φ2-3, θ3-4, φ4-5, ψ5-6, θ6-7, and ψ7-8 have known 
values, resulting from the laws of motion presented above. Thus, the coordinates of Oi points are 
determined using the formulae (4.7)-(4.10). 

 

 
Fig. 4.6. System with two articulated rods 

For the solution of the quadrilateral and eccentricity crank rod systems presented above, it 
can be seen that in the general case of two articulated rods OiP and OjP, moving parallel to the 
plane Oxy (fig. 4.6), the x and y coordinates of point P are determined using the system of 
equations: 

ቐ
൫𝑥௉ − 𝑥ை೔

൯
ଶ

+ ൫𝑦௉ − 𝑦ை೔
൯

ଶ
= 𝑂௜𝑃ଶ

ቀ𝑥௉ − 𝑥ைೕ
ቁ

ଶ
+ ቀ𝑦௉ − 𝑦ைೕ

ቁ
ଶ

= 𝑂௝𝑃ଶ.
 (4.11) 

 

4.5. Numerical applications 

In the numerical applications the laws of motion presented in paragraph 4.1 were used, 
considering the following input data: 
 the time interval in which the movement takes place, 𝑡 = 0 … 0.8 s; 
 speed of the linear actuator of finger 1, 𝑣ெ௅ ଵ = −12.75 mm s⁄ ; 
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 speed of the linear actuator of fingers 2-5, 𝑣ெ௅ ଶିହ = 15 mm s⁄ . 
The time step value was chosen by trial and error to identify an acceptable compromise 

between the accuracy of the numerical integration results and the runtime of MATLAB 

φ
଴

ି
ଵ

[ ra
d

]  

 

θ
ଵ

ି
ଶ

[ ra
d

]  

 
 a)  b) 

φ
ଶ

ି
ଷ

[ ra
d

]  

 

θ
ଷ

ି
ସ

[ ra
d

]  

 
 c)  d) 

φ
ସ

ି
ହ

[ ra
d

]  

 

ψ
ହ

ି
଺

[ ra
d

]  

 
 e)  f) 

θ
଺

ି
଻

[ ra
d

]  

 

ψ
଻

ି
଼

[ ra
d

]  

 
 g)  h) 

Fig. 4.7. Variations of rotation angles in driving joints 
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The speed of the linear actuator of finger 1 was imposed by the operating limits of the finger 
mechanism. The speed of the linear actuators of fingers 2-5 is equal to their nominal speed. 

The ranges of variation of the angles corresponding to the arm actuators are given in Table 
4.1. 

Tab. 4.1: Angles of rotation of the drive joints of the robotic arm 
Angle  φ0-1 θ1-2 φ2-3 θ3-4 φ4-5 ψ5-6 θ6-7 

Value 0 …
𝜋

4
 

𝜋

2
…

3𝜋

4
 0 …

𝜋

4
 0 … −

𝜋

4
 0 … −

5𝜋

12
 0 …

𝜋

6
 0 … −

𝜋

6
 

 
Table 4.2 shows the rotation angles between reference system 7 and reference system 8. 
 

Tab. 4.2: Angles of rotation ψ7-8 of each finger 
Finger 1 2 3 4 5 

Value 
𝜋

10
… −

𝜋

5
 

𝜋

36
 0 −

𝜋

60
 −

𝜋

30
 

 
The variations of the relative rotation angles of coordinate systems 1-8 are illustrated in 

Figure 4.7. 
The variations of the function s(t) for finger 1 and fingers 2-5 respectively are plotted in 

Figure 4.8. 

 
Fig. 4.8. Variations of displacements of prismatic couplings O10O11  

Figure 4.10 shows the variations of the joint coordinates O2, ..., O7, with respect to the  
O1x0y0z0 reference system. 
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a) b) 

c) d) 

e) f) 
Fig. 4.10. Variations of the arm joint coordinates 

Figure 4.12 shows the coordinate variations, in the global reference system, of the joints of 
the assembly of which this finger is composed, O8, ..., O17, A, B, D, E, F. 
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a) b) 

  
c) d) 

  
e) f) 

  
g) h) 

  
i) j) 
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k) l) 

  
m) n) 

 
o) 

Fig. 4.12. Variation of the coordinates of the joints of finger 1 

 

4.6. Conclusions 

The movement of the hand-arm robotic system was visualized through an animated 
graphical representation of its significant points, made with the help of a program developed to 
determine the kinematic and dynamic calculations. 

The variations of the arm and finger joint coordinates, presented in the previous paragraph, 
occur within a plausible range, not exceeding the physical limitations of the hand-arm robotic 
system.



 

5. Kinematic study 

In this chapter the velocities and accelerations of the significant points of the bodies of the 
hand-arm system and the angular velocities and accelerations of these bodies are determined. 

 

5.1. Velocity and angular velocities 

In the general case of a Cartesian coordinate system, rotated first by the angle  around the 
axis Ox, then with the angle  around the new Oy axis and finally with the angle  around the new 
Oz axis, the column matrix corresponding to the angular velocity vector with respect to the initial 
system is [48], [59]: 

൝

ω௫

ω௬

ω௭

ൡ = ቎

𝑐𝑜𝑠(θ) ∙ 𝑐𝑜𝑠(ψ) 𝑠𝑖𝑛(ψ) 0

−𝑐𝑜𝑠(θ) ∙ 𝑠𝑖𝑛(ψ) 𝑐𝑜𝑠(ψ) 0

𝑠𝑖𝑛(θ) 0 1

቏ ቐ

φ̇

θ̇
ψ̇

ቑ . (5.1) 

Considering the angular velocity vector of system i with respect to system j and that of 
system j with respect to system k, the angular velocity vector of system i with respect to system k 
can be written as [9], [51], [68]:  

ωഥ ௜,௞ = ωഥ ௜,௝ + ωഥ௝,௞ (5.2) 
The velocity of any point, P, of rigid i, relative to reference system j, can be determined with 

the formula [[9], [51], [68]: 
𝑣̅௉,௝ = 𝑣̅ை೔,௝ + ωഥ ௜,௝ × 𝑂ప𝑃.തതതതത (5.3) 

The velocity of the point O11 of the linear motor rod is determined using the known 
formulas from the kinematics of the relative motion of the [9], [51], [68]: 

𝑣̅ைభభ,௝ = 𝑣̅ைభభ,ଵ଴ + 𝑣̅ைభబ,௝ + ωഥ௝,ଵ଴ × 𝑂ଵ଴𝑂ଵଵ
തതതതതതതതത. (5.4) 

In the case of two articulated bars OiP and OjP moving in the plane (fig. 4.6), if the speeds 
of the points Oi and Oj are known, the angular velocities of the bars as well as the velocity of point 
P can be determined using the formula (5.6): 

𝑣̅௉ = 𝑣̅ை೔
+ ωഥ ௜ × 𝑂ప𝑃തതതതത = 𝑣̅ைೕ

+ ωഥ௝ × 𝑂ఫ𝑃തതതതത. (5.5) 
This calculation method applies to systems O8O9FO10, O11O12AO13, O13O14BO15 and 

O14O16DO17, to determine the velocities of the points F, A, B and D, as well as the angular velocities 
of bodies 9, 10 and 12-17, respectively. 

 

5.2. Accelerations and angular accelerations 

The angular acceleration vector is the derivative of the angular velocity vector [9], [51], 
[68]: 

൝

ε௫

ε௬

ε௭

ൡ = ቐ

ω̇௫

ω̇௬

ω̇௭

ቑ . (5.6) 

Assuming that the velocity and angular acceleration vectors of system i with respect to 
system j and of system j with respect to system k are known, the angular acceleration vector of 
system i with respect to system k can be written as [9], [51], [68]: 

𝜀௜̅,௞ = 𝜀௜̅,௝ + 𝜀௝̅,௞ + 𝜔ഥ௝,௞ × 𝜔ഥ௜,௝ . (5.7) 
The acceleration of any point, P, of rigid i, relative to the reference system j, can be 

determined with the formula [9], [51], [68]: 
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The acceleration of point O11 of the linear motor rod is determined using the known 
formulas from the kinematics of the relative motion of the rigid body[9], [51], [68]: 
𝑎തைభభ,௝ = 𝑎തைభభ,ଵ଴ + 𝑎തைభబ,௝ + εതଵ଴,௝ × 𝑂ଵ଴𝑂ଵଵ

തതതതതതതതത + ωഥଵ଴,௝ × ൫ωഥଵ଴,௝ × 𝑂ଵ଴𝑂ଵଵ
തതതതതതതതത൯ + 2ωഥଵ଴,௝ × 𝑣̅ைభభ,ଵ଴. (5.9) 

In the case of two articulated bars OiP and OjP moving in plane (fig. 4.6), if the 
accelerations of the points Oi and Oj, as well as the angular velocities of the bars are known, , the 
angular accelerations of the bars can be determined, as well as the acceleration of point P, using the 
formula (5.16): 

𝑎ത௉ = 𝑎തை೔
+ εത௜ × 𝑂ప𝑃തതതതത + ωഥ ௜ × (ωഥ ௜ × 𝑂ప𝑃തതതതത) = 𝑎തைೕ

+ εത௝ × 𝑂ఫ𝑃തതതതത + ωഥ௝ × ൫ωഥ௝ × 𝑂ఫ𝑃തതതതത൯. (5.10) 

This calculation method applies to systems O8O9FO10, O11O12AO13, O13O14BO15 and 
O14O16DO17, to determine the accelerations of the points F, A, B and D, as well as the angular 
accelerations of the bodies 9, 10 and 12-17. 

 

5.3. Numerical applications 

In the numerical study, the velocities, and accelerations of the significant points of the hand-
arm system were determined, as well as the velocities and angular accelerations of the bodies 
forming this system. 

5.3.1. Velocities and angular velocities 

The variations of the angular velocities of the bodies that make up the arm, in relation to the 
reference system 0, are represented in figure 5.2. They start from and return to the value 0. This is 
due to the chosen law of motion. The variations of the angular velocities of the bodies that make up 
the assembly of finger 1 (fig. 5.3) follow the same rule mentioned previously, up to body 11. 
Starting with body 12, this property is no longer preserved, because the influence of the law of 
motion of the linear motor appears. Another observation would be that the angular velocities of 
bodies 10 and 11 coincide. This is due to the translational movement of body 11 relative to body 10.  

 

  
a) b) 

  

𝑎ത௉,௝ = 𝑎തை೔,௝ + εത௜,௝ × 𝑂ప𝑃തതതതത + ωഥ ௜,௝ × ൫ωഥ ௜,௝ × 𝑂ప𝑃തതതതത൯. (5.8) 
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c) d) 

  
e) f) 

 
g) 

Fig. 5.2. The components of the angular velocity vectors of the arm elements with respect to the 
global reference system, relative to the axes of this system 

  
a) b) 

  
c) d) 
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e) f) 

  
g) h) 

  
i) j) 

Fig. 5.3. The components of the angular velocity vectors of the elements of finger 1 with respect to 
the global reference system, relative to the axes of this system 

In the following, the variations of the speed components of the points in the joints O2, ..., O7 
(fig. 5.9) were represented, determined in the global reference system. 
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a) b) 

  
c) d) 

  
e) f) 

Fig. 5.9. The variation of the components of the velocities of the points in the joints of the arm 
elements 

 
Figure 5.11 shows the variations of the speed components of the points of interest, O8, ..., 

O17, E, of the assembly of which finger 1 is composed, in the global reference system. 
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a) b) 

  
c) d) 

  
e) f) 

  
g) h) 
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i) j) 

 
k) 

Fig. 5.11. The variation of the components of the interest point velocities of the finger assembly 
elements 1 

 

5.3.2. Accelerations and angular accelerations 

The variations of the angular accelerations of the bodies that make up the arm, in relation to 
the reference system 0, were represented in figure 5.21. They start and go back to 0. This is due to 
the chosen law of motion. The variations of the angular accelerations of the bodies that make up the 
assembly of finger 1 (fig. 5.22) follow the same rule mentioned before, up to body 11. Starting with 
body 12, this property is no longer preserved, because the influence of the law of motion of the 
linear motor appears. Another observation would be that the angular accelerations of bodies 10 and 
11 coincide. This is due to the translational movement of body 11 relative to body 10. 

 

  
a) b) 
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c) d) 

  
e) f) 

 
g) 

Fig. 5.21. The variation of the components of the angular acceleration vectors of the arm elements 
with respect to the global reference system, in relation to the axes of this system 

 

  
a) b) 
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c) d) 

  
e) f) 

  
g) h) 

  
i) j) 

Fig. 5.22. The variation of the components of the angular acceleration vectors of the elements of 
finger 1 with respect to the global reference system, in relation to the axes of this system 

In the following, the variations of the acceleration components of the points in the joints 
were represented O2, ..., O7(fig. 5.28), determined in the global reference system. 
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a) b) 

  
c) d) 

  
e) f) 

Fig. 5.28. The variation of the components of the accelerations of the points in the joints of the arm 
elements 

In figure 5.30 the variations of the components of the accelerations of the points of interest 
were represented, O8, ..., O17, E, of the assembly of which finger 1 is composed, in the global 
reference system. 
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a) b) 

  
c) d) 

  
e) f) 

  
g) h) 
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i) j) 

 
k) 

Fig. 5.30. Variation of the components of the accelerations of the points of interest of the elements 
of the finger assembly 1 

 

5.3.3. Verifications 

To verify the veracity of the results obtained in subsections 5.3.1 and implicitly 5.3.2, 
Poisson's formulas were used [9], [51], [66], [67], [68]: 

𝚤̅̇ = ωഥ × 𝚤 ̅
(5.11) 𝚥 ̅̇ = ωഥ × 𝚥 ̅

𝑘ത̇ = ωഥ × 𝑘ത 
In figure 5.39 these relationships were verified, projecting them on the global reference 

system, for reference system 1, and represented on the same graph with two different colors (blue 
and red), each component of each term of the previously presented equalities. 

 

   
a) b) c) 
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d) e) f) 

   
g) h) i) 

Fig. 5.39. Poisson for system 1 

 

5.4. Conclusions 

After performing the kinematic calculations and determining the angular velocities, angular 
accelerations, as well as the velocities and accelerations of the significant points of the robotic arm 
system, several sets of checks were performed, as follows: 
1. the angular velocities of analytically determined component copes were verified using Poisson's 

relations, in which the unit vectors 𝚤,̅ 𝚥 ̅and 𝑘ത were derived numerically; 
2. The analytically determined significant point rates were compared with the values obtained by 

numerical derivation of position vectors; 
3. the angular accelerations of analytically determined component copes were compared with 

values obtained by numerical derivation of angular velocities; 
4. analytically determined accelerations of significant points were compared with values obtained 

by numerical velocity derivation. 
In all four sets of checks, the results obtained by the two methods are very well in 

agreement. 



 

6. Inverse dynamics 

In robotics, inverse dynamics deals with determining forces and moments in joints, when 
knowing the positions, velocities, and accelerations of points of interest of the system, as well as 
inertial quantities (masses and moments of inertia). 

Two methods have been used in this paper: 
 with the help of the methods of classical mechanics, isolating all 55 bodies of the system and 

using the momentum theorem and angular momentum theorem with respect to the center of 
mass for each individual body; 

 with the help of the methods of analytical mechanics, using D’Alembert’s principle and the 
principle of virtual powers. 

 

6.1. Study with the methods of classical mechanics 

In the case of the study based on the methods of classical mechanics, to determine the forces 
and momenta in the joints of the system, the bodies of the system are isolated and the momentum 
theorem and the angular momentum theorem are successively applied with respect to the center of 
mass, for each of them [9], [51], [68]. 

For simplicity, only the system consisting of the robotic arm and finger 1 of the hand can be 
analyzed (fig. 6.1), since, as shown in previous chapters, fingers 2-5 have a mechanical pattern 
similar to finger 1. 

 
Fig. 6.1. The system consisting of the robotic arm and the prehensor represented with finger 1 

In the following, for any body i, it is noted: 
 mi – mass, 
 𝐽஼ഢ

ധധധ – inertia tensor with respect to center of mass Ci , 
 𝑔̅ – gravitational acceleration, 
 𝜀పഥ  – absolute angular acceleration vector, 
 𝑎஼ഢ

തതതത – absolute acceleration of the center of gravity, 
 𝜔పതതത – absolute angular velocity vector, 
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 𝑅ത௜ – force in the joint Oi, 
 −𝑅ത௜ାଵ – force in the joint Oi+1, 
 𝑀ഥ௜ – moment in the joint Oi, 
 −𝑀ഥ௜ାଵ – moment in the joint Oi+1, 
 𝐶ప𝑂ప

തതതതത – positioning vector of the point Oi with respect to the center of gravity Ci , 
 𝐶ప𝑂పାଵ

തതതതതതതത – – positioning vector of the point Oi+1 with respect to the center of gravity Ci. 
By virtue of the principle of action and reaction, forces, and moments in the joint Oi+1 are 

considered with a plus sign on body i+1 and with a minus sign on body i.  
The equations resulting from the application of the two theorems are expressed in relation to 

the reference frame attached to the respective body, since in relation to it, the matrix ൣ𝐽஼೔
൧

௜
 

corresponding to the inertia tensor 𝐽஼ഢ
ധധധ is constant. 

 

6.1.1. Bodies 1-6 and 8 

The mechanical models of bodies 1-6 and 8 are similar (fig. 6.2). By isolating body i (i=1, 
2,..., 6, 8), joint Oi is replaced with the force 𝑅ത௜ and the moment 𝑀ഥ௜, and the joint Oi+1 with the force 
−𝑅ത௜ାଵ and the moment −𝑀ഥ௜ାଵ. The body is also driven by its weight, 𝑚௜𝑔̅.  

 

 
Fig. 6.2. Bodies 1-6 and 8, isolated 

Applying the momentum theorem and the angular momentum theorem with respect to the 
center of mass of the body, the vectorial relations are obtained 

𝑚௜𝑎஼ഢ
തതതത = 𝑅ത௜ − 𝑅ത௜ାଵ + 𝑚௜𝑔̅, (6.1) 

𝐽஼ഢ
ധധധ ∙ 𝜀పഥ + 𝜔పതതത × 𝐽஼ഢ

ധധധ ∙ 𝜔పതതത = 𝑀ഥ௜ − 𝑀ഥ௜ାଵ + 𝐶ప𝑂ప
തതതതത × 𝑅ത௜ − 𝐶ప𝑂పାଵ

തതതതതതതത × 𝑅ത௜ାଵ, (6.2) 

Equations (6.1), and (6.2), have the following matrix representations: 
𝑚௜൛𝑎஼೔

ൟ
௜

= {𝑅௜}௜ − {𝑅௜ାଵ}௜ + 𝑚௜{𝑔}௜, (6.3) 

ൣ𝐽஼೔
൧

௜
{𝜀௜}௜ + [𝜔ෝ௜]௜ൣ𝐽஼೔

൧
௜
{𝜔௜}௜ = {𝑀௜}௜ − {𝑀௜ାଵ}௜ + ൣ𝐶ప𝑂ప

෢ ൧
௜
{𝑅௜}௜ − ൣ𝐶ప𝑂పାଵ

෣ ൧
௜
{𝑅௜ାଵ}௜. (6.4) 

The mechanical models of the other bodies are different and are presented below. 
 

6.1.2. Body 7 

The isolated body 7, is shown in Figure 6.3. By virtue of the principle of action and reaction, 
the forces, and moments in the joints O8 and O10 are considered with a plus sign on bodies 8 and 10 
respectively and with a minus sign on body 7. 

Applying the momentum theorem and the angular momentum theorem with respect to the 
center of mass of the body, the vectorial relations are obtained 
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𝑚଻𝑎஼ళ
തതതത = 𝑅ത଻ − 𝑅ത଼ − ෍ 𝑅തଵ଴

௙௜௡௚௘௥

+ 𝑚଻𝑔̅, (6.5) 

𝐽஼ళ
ധധധധ ∙ 𝜀଻ഥ + 𝜔଻തതതത × 𝐽஼ళ

ധധധധ ∙ 𝜔଻തതതത = 

= 𝑀ഥ଻ − 𝑀ഥ଼ − ෍ 𝑀ഥଵ଴

௙௜௡௚௘௥

+ 𝐶଻𝑂଻
തതതതതത × 𝑅ത଻ − 𝐶଻𝑂଼

തതതതതത × 𝑅ത଼ − ෍ 𝐶଻𝑂ଵ଴
തതതതതതതത × 𝑅തଵ଴

௙௜௡௚௘௥

, (6.6) 

where: 
 − ∑ 𝑅തଵ଴௙௜௡௚௘௥  – the resultant vector of forces in the joints O10, corresponding to the five 

fingers, acting on the body 7, 
 − ∑ 𝑀ഥ 10𝑑𝑒𝑔𝑒𝑡  – the resultant vector of moments in the joints O10, corresponding to the five 

fingers, acting on the body 7, 
𝐶଻𝑂ଵ଴
തതതതതതതത – positioning vector of point O10 of each finger, with respect to the center of mass C7. 

 
Fig. 6.3. Body 7, isolated 

 

6.1.3. Body 9 

The isolated body 9, is shown in Figure 6.4. 
 

 
Fig. 6.4. Body 9, isolated 

The link in O9 was considered a universal joint, so the moment in this link has component 
only on the axis x9. The link in F was considered a spherical joint, so the moment in this connection 
is null. 

 By virtue of the principle of action and reaction, the force in the joint F is considered with a 
plus sign on body 10 and a minus sign on body 9. 

Applying the momentum theorem and the angular momentum theorem with respect to the 
center of mass of the body, the vectorial relations are obtained: 

𝑚ଽ𝑎஼వ
തതതത = 𝑅തଽ − 𝑅തி + 𝑚ଽ𝑔̅, (6.7) 

𝐽஼వ
ധധധധ ∙ 𝜀ଽഥ + 𝜔ଽതതതത × 𝐽஼వ

ധധധധ ∙ 𝜔ଽതതതത = 𝑀ഥଽ + 𝐶ଽ𝑂ଽ
തതതതതത × 𝑅തଽ − 𝐶ଽ𝐹തതതതത × 𝑅തி , (6.8) 

where: 
 −𝑅തி – the force from the joint F of body 9, 
 𝐶ଽ𝐹തതതതത – positioning vector of point F with respect to the center of mass C9. 
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6.1.4. Body 10 

The isolated body 10, is shown in Figure 6.5. By virtue of the principle of action and 
reaction, the forces, and moments in the joints O11, O13 and O15 are considered with a plus sign on 
bodies 11, 13 and 15 and with a minus sign on body 10. 

 

 
Fig. 6.5. Body 10, isolated 

Applying the momentum theorem and the angular momentum theorem with respect to the 
center of mass of the body, the vectorial relations are obtained: 

𝑚ଵ଴𝑎஼భబ
തതതതത = 𝑅തଵ଴ + 𝑅തி − 𝑅തଵଵ − 𝑅തଵଷ − 𝑅തଵହ + 𝑚ଵ଴𝑔̅, (6.9) 

𝐽஼భబ
ധധധധധ ∙ 𝜀ଵ଴തതതത + 𝜔ଵ଴തതതതത × 𝐽஼భబ

ധധധധധ ∙ 𝜔ଵ଴തതതതത = 
= 𝑀ഥଵ଴ − 𝑀ഥଵଵ − 𝑀ഥଵଷ − 𝑀ഥଵହ + 

+𝐶ଵ଴𝑂ଵ଴
തതതതതതതതത × 𝑅തଵ଴ + 𝐶ଵ଴𝐹തതതതതത × 𝑅തி − 𝐶ଵ଴𝑂ଵଵ

തതതതതതതതത × 𝑅തଵଵ − 𝐶ଵ଴𝑂ଵଷ
തതതതതതതതത × 𝑅തଵଷ − 𝐶ଵ଴𝑂ଵହ

തതതതതതതതത × 𝑅തଵହ, 

(6.10) 

where: 
 𝑅തி – the force from the joint F of body 10, 
 −𝑅ത13 – the force from the joint O13 of body 10, 
 −𝑅ത15 – the force from the joint O15 of body 10, 
 −𝑀ഥ13 – the moment from the joint O13 of body 10, 
 −𝑀ഥ15 – the moment from the joint O15 of body 10, 
 𝐶ଵ଴𝐹തതതതതത – positioning vector of point F with respect to the center of mass C10,  
 𝐶ଵ଴𝑂ଵଷ

തതതതതതതതത – positioning vector of point O13 with respect to the center of mass C10,  
 𝐶ଵ଴𝑂ଵହ

തതതതതതതതത – positioning vector of point O15 with respect to the center of mass C10. 
 

6.1.5. Body 11 

The isolated body 11, is presented in Figure 6.6. 
 

   
Fig. 6.6. Body 11, isolated 

Applying the momentum theorem and the angular momentum theorem with respect to the 
center of mass of the body, the vectorial relations are obtained: 
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𝑚ଵଵ𝑎஼భభ
തതതതത = 𝑅തଵଵ − 𝑅തଵଶ + 𝑚ଵଵ𝑔̅, (6.11) 

𝐽஼భభ
ധധധധധ ∙ 𝜀ଵଵതതതത + 𝜔ଵଵതതതതത × 𝐽஼భభ

ധധധധധ ∙ 𝜔ଵଵതതതതത = 𝑀ഥଵଵ − 𝑀ഥଵଶ + 𝐶ଵଵ𝑂ଵଵ
തതതതതതതതത × 𝑅തଵଵ − 𝐶ଵଵ𝑂ଵଶ

തതതതതതതതത × 𝑅തଵଶ. (6.12) 
  

6.1.6. Body 12 

The isolated body 12, is presented in Figure 6.7. 
 

 
Fig. 6.7. Body 12, isolated 

The link in O12 was considered a universal joint, so the moment in this link has component 
only on the axis x12. The link in A was considered a spherical joint, so the moment in this 
connection is null. 

 By virtue of the principle of action and reaction, the force in the joint A is considered with a 
plus sign on body 13 and a minus sign on body 12. 

Applying the momentum theorem and the angular momentum theorem with respect to the 
center of mass of the body, the vectorial relations are obtained: 

𝑚ଵଶ𝑎஼భమ
തതതതത = 𝑅തଵଶ − 𝑅ത஺ + 𝑚ଵଶ𝑔̅, (6.13) 

𝐽஼భమ
ധധധധധ ∙ 𝜀ଵଶതതതത + 𝜔ଵଶതതതതത × 𝐽஼భమ

ധധധധധ ∙ 𝜔ଵଶതതതതത = 𝑀ഥଵଶ + 𝐶ଵଶ𝑂ଵଶ
തതതതതതതതത × 𝑅തଵଶ − 𝐶ଵଶ𝐴തതതതതത × 𝑅ത஺, (6.14) 

where: 
 −𝑅ത஺ – the force from the joint A of body 12, 
 𝐶ଵଶ𝐴തതതതതത – positioning vector of point A with respect to the center of mass C12.  

 

6.1.7. Body 13 

The isolated body 13, is presented in Figure 6.8. 
By virtue of the principle of action and reaction, the forces, and moments in the joints O14 

and O17 are considered with a plus sign on bodies 14 and 17 and a minus sign on body 13. 

 
Fig. 6.8. Body 13, isolated 

Applying the momentum theorem and the angular momentum theorem with respect to the 
center of mass of the body, the vectorial relations are obtained: 

𝑚ଵଷ𝑎஼భయ
തതതതത = 𝑅തଵଷ + 𝑅ത஺ − 𝑅തଵସ − 𝑅തଵ଻ + 𝑚ଵଷ𝑔̅, (6.15) 
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𝐽஼భయ
ധധധധധ ∙ 𝜀ଵଷതതതത + 𝜔ଵଷതതതതത × 𝐽஼భయ

ധധധധധ ∙ 𝜔ଵଷതതതതത = 
= 𝑀ഥଵଷ − 𝑀ഥଵସ − 𝑀ഥଵ଻ + 𝐶ଵଷ𝑂ଵଷ

തതതതതതതതത × 𝑅തଵଷ + 𝐶ଵଷ𝐴തതതതതത × 𝑅ത஺ − 𝐶ଵଷ𝑂ଵସ
തതതതതതതതത × 𝑅തଵସ − 𝐶ଵଷ𝑂ଵ଻

തതതതതതതതത × 𝑅തଵ଻, 
(6.16) 

where: 
 𝑅ത஺ – the force from the joint A of body 13, 
 −𝑅തଵ଻ – the force from the joint O17 of body 13, 
 −𝑀ഥଵ଻ – the moment from the joint O17 of body 13, 
 𝐶ଵଷ𝐴തതതതതത – positioning vector of point A with respect to the center of mass C13,  
 𝐶ଵଷ𝑂ଵ଻

തതതതതതതതത – positioning vector of point O17 with respect to the center of mass C13.  
 

6.1.8. Body 14 

 
The isolated body 14, is presented in Figure 6.9. By virtue of the principle of action and 

reaction, the force and moment in joint O16 are considered with the plus sign on body 16 and a 
minus sign on body 14. 

The link in B was considered a spherical joint, so the moment in this connection is null. 
Applying the momentum theorem and the angular momentum theorem with respect to the 

center of mass of the body, the vectorial relations are obtained: 
𝑚ଵସ𝑎஼భర

തതതതത = 𝑅തଵସ + 𝑅ത஻ − 𝑅തଵ଺ + 𝑚ଵସ𝑔̅, (6.17) 

𝐽஼భర
ധധധധധ ∙ 𝜀ଵସതതതത + 𝜔ଵସതതതതത × 𝐽஼భర

ധധധധധ ∙ 𝜔ଵସതതതതത = 
= 𝑀ഥଵସ − 𝑀ഥଵ଺ + 𝐶ଵସ𝑂ଵସ

തതതതതതതതത × 𝑅തଵସ + 𝐶ଵସ𝐵തതതതതത × 𝑅ത஻ − 𝐶ଵସ𝑂ଵ଺
തതതതതതതതത × 𝑅തଵ଺, 

(6.18) 

where: 
 𝑅ത஻ – the force from the joint B of body 14, 
 −𝑅തଵ଺ – the force from the joint O16 of body 14, 
 −𝑀ഥଵ଺ – the moment from the joint O16 of body 14, 
 𝐶ଵସ𝐵തതതതതത – positioning vector of point B with respect to the center of mass C14,  
 𝐶ଵସ𝑂ଵ଺

തതതതതതതതത – positioning vector of point O16 with respect to the center of mass C14. 
 

 
Fig. 6.9. Body 14, isolated 

 

6.1.9. Body 15 

The isolated body 15, is presented in Figure 6.10. 
The link in O15 was considered a universal joint, so the moment in this link has component 

only on the axis x15.  
Applying the momentum theorem and the angular momentum theorem with respect to the 

center of mass of the body, the vectorial relations are obtained: 
𝑚ଵହ𝑎஼భఱ

തതതതത = 𝑅തଵହ − 𝑅ത஻ + 𝑚ଵହ𝑔̅, (6.19) 
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𝐽஼భఱ
ധധധധധ ∙ 𝜀ଵହതതതത + 𝜔ଵହതതതതത × 𝐽஼భఱ

ധധധധധ ∙ 𝜔ଵହതതതതത = 𝑀ഥଵହ + 𝐶ଵହ𝑂ଵହ
തതതതതതതതത × 𝑅തଵହ − 𝐶ଵହ𝐵തതതതതത × 𝑅ത஻, (6.20) 

where: 
 −𝑅ത஻ – the force from the joint B of body 15, 
 𝐶ଵହ𝐵തതതതതത – positioning vector of point B with respect to the center of mass C15.  

 

 
Fig. 6.10. Body 15, isolated 

 

6.1.10. Body 16 

The isolated body 16, is presented in Figure 6.11. 
 

 
Fig. 6.11. Body 16, isolated 

The link in D was considered a spherical joint, so the moment in this connection is null. 
Applying the momentum theorem and the angular momentum theorem with respect to the 

center of mass of the body, the vectorial relations are obtained: 
𝑚ଵ଺𝑎஼భల

തതതതത = 𝑅തଵ଺ + 𝑅ത஽ + 𝑅തா + 𝑚ଵ଺𝑔̅, (6.21) 

𝐽஼భల
ധധധധധ ∙ 𝜀ଵ଺തതതത + 𝜔ଵ଺തതതതത × 𝐽஼భల

ധധധധധ ∙ 𝜔ଵ଺തതതതത = 
= 𝑀ഥଵ଺ + 𝑀ഥா + 𝐶ଵ଺𝑂ଵ଺

തതതതതതതതത × 𝑅തଵ଺ + 𝐶ଵ଺𝐷തതതതതത × 𝑅ത஽ + 𝐶ଵ଺𝐸തതതതതത × 𝑅തா , 
(6.22) 

where: 
 𝑅ത஽ – the force from the joint D of body 16, 
 𝑅തா – the external force applied in point E of body 16, 
 𝑀ഥா – the external moment applied in point E of body 16, 
 𝐶ଵ଺𝐷തതതതതത – positioning vector of point D with respect to the center of mass C16,  
 𝐶ଵ଺𝐸തതതതതത – positioning vector of point E with respect to the center of mass C16.  

  

6.1.11. Body 17 

The isolated body 17, is presented in Figure 6.12. 
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Fig. 6.12. Body 17, isolated 

Applying the momentum theorem and the angular momentum theorem with respect to the 
center of mass of the body, the vectorial relations are obtained: 

𝑚ଵ଻𝑎஼భళ
തതതതത = 𝑅തଵ଻ − 𝑅തா + 𝑚ଵ଻𝑔̅, (6.23) 

𝐽஼భళ
ധധധധധ ∙ 𝜀ଵ଻തതതത + 𝜔ଵ଻തതതതത × 𝐽஼భళ

ധധധധധ ∙ 𝜔ଵ଻തതതതത = 𝑀ഥଵ଻ + 𝐶ଵ଻𝑂ଵ଻
തതതതതതതതത × 𝑅തଵ଻ − 𝐶ଵ଻𝐷തതതതതത × 𝑅ത஽ , (6.24) 

where: 
 −𝑅ത஽ the force from the joint D of body 17, 
 𝐶ଵ଻𝐷തതതതതത positioning vector of point D with respect to the center of mass C17,  

 

6.1.12. Analysis of the resulting system of equations 

The equations obtained by isolating the fields and applying the momentum theorem and the 
angular momentum theorem form a linear algebraic system of 270 equations, with 270 unknowns. 

This system must be solved for each moment of time, which requires a high calculation 
time, proportional to the number of discretization points of the time interval in which the movement 
occurs. 

To reduce execution time and increase precision, the resulting system can be decoupled into: 
 

 8 subsystems of 6 equations, with 6 unknowns, corresponding to bodies 1-8; 
 5 subsystems of 6 equations, with 6 unknowns, corresponding to body 11 of each finger; 
 1 subsystem of 12 equations, with 12 unknowns, corresponding to the mechanism O9FO10, 

present only on finger 1; 
 15 subsystems of 12 equations, with 12 unknowns, corresponding to mechanisms O12AO13, 

O14BO15 and O16DO17 of each finger. 
Torques and driving forces are certain components of moments and forces, respectively, in 

the links, as follows: 
 components in relation to the axes of rotation in the joints O1, O2, O3, O4, O5, O6, O7, as well 

as from the joint O8 of finger 1, of moments, respectively M1x, M2y, M3x, M4y, M5x, M6z, M7y, 
M8z; 

 components in relation to axes corresponding x11, of the forces applied to the rods 11, on the 
five fingers, respectively F11d x (d = 1, 2,…, 5). 
 

6.2. Study with methods of analytical mechanics 

If only motor forces and moments are concerned, the calculation can be made even more 
efficient by using the principle of virtual powers and the principle of D’Alembert. 

In the following, these principles are presented, as well as how they are used in this paper 
The principle of virtual powers in case of equilibrium of a system of material points 
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6.2.1. The principle of virtual powers in case of equilibrium of a system of material points 

The principle of virtual powers is known from literature [9], [51], [68], by virtue of which a 
discrete system of material points Pi (i=1, 2,…, n), of masses mi, subjected to ideal bonds, it is in 
equilibrium if and only if the virtual power performed by directly applied forces 𝐹ത௜, 

𝑃′ = ෍ 𝐹ത௜ ∙ 𝑣̅௜
ᇱ

௜

 (6.25) 

is null, for any virtual speeds 𝑣ప
ᇱഥ  given to the points o the system: 

𝑃ᇱ = 0. (6.26) 
 

6.2.2. D’Alembert principle in the case of a material point system 

We also know from literature D’Alembert’s principle [9], [51], [68], according to which a 
discrete system of material points Pi (i=1, 2,…, n), of masses mi, in motion due to the action of the 
directly applied forces 𝐹ത௜, is equivalent to the system in equilibrium under the action of directly 
applied forces as well as forces of inertia, 𝐹ത௜

௜௡ = −𝑚௜𝑎ത௜. 
 

6.2.3. The principle of virtual powers in case of movement of a system of material points 

Combining D’Alembert’s principle with the principle of virtual powers, it follows that the 
motion of a discrete system of material points is governed by the equation (6.26), in which, 
however, virtual power takes form 

𝑃ᇱ = ෍൫𝐹ഥ𝑖 − 𝑚௜𝑎ത௜൯ ∙ 𝑣ഥ𝑖
′

𝑖

. (6.27) 

 

6.2.4. The principle of virtual powers in case of movement of a system of rigid solids 

The principle of virtual powers can also apply to a system of n solid, rigid bodies, in motion 
under the action of directly applied forces and moments, 𝐹ത௝, (j=1, 2,…, m) and 𝑀ഥ௜, (i=1, 2,…, n), 
respectively. 

Equation (6.26) remains valid, but virtual power is calculated taking into account directly 
applied forces and moments, as well as forces of inertia, expressed by the resultant vectors 𝑅ത௜

௜௡ and 
the resultant torque vectors, calculated with respect to the corresponding centers of mass, 𝑀ഥ஼೔

௜௡, 

𝑃ᇱ = ෍ ቀ𝑅ഥ𝑖
𝑖𝑛

∙ 𝑣ഥ𝐶𝑖

′ + 𝑀ഥ 𝐶𝑖

𝑖𝑛
∙ ωഥ 𝑖

′ቁ

𝑛

𝑖=1

+ ෍ 𝐹ഥ𝑗 ∙ 𝑣ഥ𝑗
′

𝑚

𝑗=1

+ ෍ 𝑀ഥ 𝑖 ∙ ωഥ 𝑖
′

𝑛

𝑖=1

= 

= − ෍ൣ𝑚௜𝑎ത஼೔
∙ 𝑣̅஼೔

ᇱ + ൫𝐽஼̿೔
εത௜ + ωഥ ௜ × 𝐽஼̿೔

ωഥ ௜൯ ∙ ωഥ ௜
ᇱ൧

௡

௜ୀଵ

+ ෍ 𝐹ത௝ ∙ 𝑣̅௝
ᇱ

௠

௝ୀଵ

+ ෍ 𝑀ഥ௜ ∙ ωഥ ௜
ᇱ

௡

௜ୀଵ

, 

(6.28) 

where: 
 ωഥ ௜ – real angular velocity vector of the body i; 
 εത௜ – vector angular acceleration of the body i; 
 𝑎ത஼೔

 – acceleration of the center of mass Ci; 
 ωഥ ௜

ᇱ – virtual angular velocity vector of the body i; 
 𝑣̅஼೔

ᇱ  – virtual velocity of the center of gravity Ci; 

 𝑣̅௝
ᇱ – virtual velocity of the application point of the force 𝐹ത௝ . 
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To determine the motor torque M8z, it is considered that O8O9 rotates with a virtual angular 
velocity ω଼

ᇱ , and all other control parameters are fixed. The virtual velocities of gravity centers 
C8,..., C17 and virtual angular velocities of bodies 9,...,17, of finger 1 are determined. Then the 
corresponding virtual power is determined, 𝑃ᇱ, and M8z follows from the condition that it is equal to 
0. 

To determine the motor force F11d x, produced by the linear motor of the finger d, it is 
considered that its rod moves with the virtual velocity vଵଵௗ

ᇱ , and all other control parameters are 
fixed. The virtual velocities of gravity centers C12,..., C17 and virtual angular velocities of bodies 
1,...,17, of finger d are determined. Then the corresponding virtual power is determined, 𝑃ଵଵ

ᇱ , and 
F11d x follows from the condition that it is equal to 0. 

 

6.3. Numerical applications 

In this paragraph, the forces, and moments in the joints of the system were determined, if the 
laws of motion of the bodies that make up the system are known, as well as the dynamic parameters 
(i.e., inertia matrices and masses of bodies). 

6.3.1. Study with the methods of classical mechanics 

The study using the methods of classical mechanics of the problem boils down to solving 
the system with 270 equations and 270 unknowns presented in paragraph 6.1. 

Following the resolution of this system, forces resulted in the global reference system 
R1,...,R7 (Fig. 6.13) and moments M1,...,M7 (Fig. 6.14) from the joints of the robotic arm, as well as 
forces R8,...,R17, RA, RB, RD and RF (Fig. 6.15) and moments M8,...,M17 (Fig. 6.16) corresponding to 
finger 1. The moments MA, MB, MD, and MF are 0 because the joints A, B, D and F are spherical 
joints. 

 

  
a) b) 

  
c) d) 
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e) f) 

 
g) 

Fig. 6.13. Forces in the joints of the arm R1,...,R7, in the global reference system 

  
a) b) 

  
c) d) 
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e) f) 

 
g) 

Fig. 6.14. Moments in the joints of the arm M1,...,M7, in the global reference system 

  
a) b) 

  
c) d) 

  
e) f) 
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g) h) 

  
i) j) 

  
k) l) 

  
m) n) 

Fig. 6.15. Forces in the joints of finger 1 R8,...,R17, RA, RB, RD, RF in the global reference system 

  
a) b) 
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c) d) 

  
e) f) 

  
g) h) 

  
i) j) 

Fig. 6.16. Moments in the joints of finger 1 M8,...,M17 in the global reference system 

 

6.3.2. Study with methods of analytical mechanics 

Calculating the virtual powers of subsystems O8,O9,...,O17,E for finger 1 and 
O11,O12,...,O17,E for each finger, the motor torque in body 8, as well as the motor forces in body 11, 
can be directly determined for each finger, without determining all the forces and moments in the 
other joints of the system. 

Using this method, the motor forces were plotted along the axes on which the movement of 
bodies 11 occurs (Fig. 6.17), as well as the motor moments for the joints Oi (i=1...8)(Fig. 6.18), 
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comparingly to the values obtained from calculations performed using the methods of classical 
mechanics. As can be seen, the results are remarkably close in value, which is why the analytical 
method has been further used for direct dynamics due to its rapidity. 

  
a) finger 1 b) finger 2 

  
c) finger 3 d) finger 4 

 
e) finger 5 

Fig. 6.17. Motor forces in prismatic couplings 11 

  
a) b) 
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c) d) 

  
e) f) 

  
g) h) 

Fig. 6.18. Motor moments in the joints 1...8 

 

6.4. Conclusions 

In the chosen configuration, the required torque of the servo motor in joint 2 of the system is 
the highest, which is explained by the large arms of the weights of the components, relative to point 
O2. This result leads to the need either to use a sufficiently powerful actuator or to decrease the 
torque required to produce the movement, using a system of counterweights or a system of elastic 
elements. 

The reaction couples in joints 1 and 3 are considerably larger than the others, which is why 
it is advisable to make more robust components of these joints. 

Low values of torque components M8 It is due to the small values of the inertia parameters 
of the 1st finger, as well as the arm O8O9. 

Motor forces and torques were calculated by the methods of both classical mechanics and 
analytical mechanics, the results obtained overlapping the scale of representation.  

Verifications performed by applying momentum theorem and angular momentum theorem 
on subsystems, thus analyzing all 5 fingers separately, also showed overlaps in the results obtained. 



 

7. Direct dynamics 

In robotics, direct dynamics deals with determining the motion of the system when motor 
forces and momentums are known, as well as inertial quantities (masses and moments of inertia). 

Mathematically, this means considering the system of equations obtained in Chapter 6 with 
command parameters as unknowns, as well as non-driving forces and moments in the links, all as 
functions of time. Considered in this way, the system is differential in command parameters and 
algebraic in non-driving forces and moments. 

However, solving systems of algebrodifferential equations is generally difficult and 
laborious [7], [35]. In the present application, an additional difficulty arises from the fact that the 
system is unexplained in second-order derivatives of control variables. 

The solution of the present problem is simplified by using the methods of analytical 
mechanics to determine the driving forces F11d x (d = 1, 2,…, 5) and the motor torque M8z. 

In the following, an original method of solving this system is presented, which is based on 
the observation that the dependence of differential equations of motion on second-order derivatives 
of command variables is linear. 

 

7.1. Theoretical aspects 

The general case of a holonomic system of material points is considered, Pi (i = 1, 2,…, n), 
described by independent generalized coordinates qk (k = 1, 2,…, h). 

The positioning vector of point Pi can be written according to generalized coordinates and 
time [9], [51], [68]: 

𝑟̅௜ = 𝑟̅௜(𝑞௞, 𝑡) (𝑖 = 1,2, … , 𝑛; 𝑘 = 1,2, … , ℎ). (7.1) 
It results the velocity of the point 

𝑣̅௜ =
d𝑟̅௜

d𝑡
=

∂𝑟̅௜

∂𝑞ଵ
𝑞̇ଵ +

∂𝑟̅௜

∂𝑞ଶ
𝑞̇ଶ + ⋯ +

∂𝑟̅௜

∂𝑞௛
𝑞̇௛ +

∂𝑟̅௜

∂t
= ෍

∂𝑟̅௜

∂𝑞௝
𝑞̇௝

୦

୨ୀଵ

+
∂𝑟̅௜

∂t
. (7.2) 

Considering the second order Lagrange's equations in the case of freely chosen forces, 
d

d𝑡
൬

𝜕𝐸

𝜕𝑞̇௞
൰ −

𝜕𝐸

𝜕𝑞௞
= 𝑄௞ (𝑘 = 1,2, … , ℎ), (7.3) 

into which the kinetic energy of the system has been introduced, 

𝐸 = ෍
1

2

௡

௜ୀଵ

𝑚௜𝑣௜
ଶ, (7.4) 

as well as the generalized force Qk. 

Substituting the expression (7.2) into equation (7.4), it results 

𝐸 =
1

2
෍ ෍ 𝐴௝௟𝑞̇௝𝑞̇௟

௛

௟ୀଵ

௛

௝ୀଵ

+ ෍ 𝐵௟𝑞̇௟

௛

௟ୀଵ

+
1

2
𝐶, (7.5) 

where the coefficients 

𝐴௝௟ = ෍ 𝑚௜

𝜕𝑟̅௜

𝜕𝑞௝
∙

𝜕𝑟̅௜

𝜕𝑞௟

௡

௜ୀଵ

 (𝑗, 𝑙 = 1,2, … , ℎ) , (7.6) 
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𝐵௟ = ෍ 𝑚௜

𝜕𝑟̅௜

𝜕𝑞௟
∙

𝜕𝑟̅௜

𝜕𝑡

௡

௜ୀଵ

 (𝑙 = 1,2, … , ℎ) , (7.7) 

𝐶 = ෍ 𝑚௜

𝜕𝑟̅௜

𝜕𝑡
∙

𝜕𝑟̅௜

𝜕𝑡

௡

௜ୀଵ

, (7.8) 

depend on generalized coordinates q1, q2, … , qh and time t. 
It results 

d

d𝑡
൬

𝜕𝐸

𝜕𝑞̇௞
൰ −

𝜕𝐸

𝜕𝑞௞
= ෍ 𝐴௞௟𝑞̈௟

௛

௟ୀଵ

+ 𝐷௞ (𝑘 = 1,2, … , ℎ), (7.9) 

where coefficients 
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௛

௟ୀଵ

+ 

+
𝜕𝐵௞

𝜕𝑡
−

1

2

𝜕𝐶

𝜕𝑞௞
, (𝑘 = 1,2, … , ℎ) 

(7.10) 

depend on generalized coordinates 𝑞ଵ, 𝑞ଶ, … , 𝑞௛, generalized velocities 𝑞̇ଵ, 𝑞̇ଶ, ... , 𝑞̇௛ and time t. 
Therefore the second order Lagrange's equations (7.3) become: 

෍ 𝐴௞௟𝑞̈௟

௛

௟ୀଵ

+ 𝐷௞ = 𝑄௞ (𝑘 = 1,2, … , ℎ). (7.11) 

It follows that generalized forces depend linearly on second-order derivatives of generalized 
coordinates. 

 

7.2. Explicating the system 

The system (7.11) can be written in matrix form 
[𝐴]{𝑞̈} + {𝐷} = {𝑄}, (7.12) 

where the matrices 

[𝐴] = ൥
𝐴ଵଵ ⋯ 𝐴ଵ௛

⋮ ⋱ ⋮
𝐴௛ଵ ⋯ 𝐴௛௛

൩ , (7.13) 

{𝑞} = ൝

𝑞ଵ

⋮
𝑞௛

ൡ , 
(7.14) 

{𝐷} = ൝
𝐷ଵ

⋮
𝐷௛

ൡ , 
(7.15) 

{𝑄} = ൝
𝑄ଵ

⋮
𝑄௛

ൡ . 
(7.16) 

were introduced. 
Multiplying the system to the left (7.12) by the inverse of the matrix (7.13) yields the 

explicit form in the second-order derivatives of generalized coordinates, 
{𝑞̈} + {𝐷′} = {𝑄′}, (7.17) 

where 
{𝐷′} = [𝐴]ିଵ{𝐷}, (7.18) 
{𝑄′} = [𝐴]ିଵ{𝑄}. (7.19) 
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The system (7.17) can be written in developed form 
𝑞̈௞ = 𝑄௞

ᇱ − 𝐷௞
ᇱ  (𝑘 = 1,2, … , ℎ). (7.20) 

The matrices (7.13), (7.15), (7.16), (7.18) and (7.19) depend on generalized coordinates 𝑞௞, 
generalized velocities 𝑞̇௞ and time t. 

 

7.3. Integration of the explicit system 

If for known parameter values 𝑞௞, 𝑞̇௞, 𝑞̈௞ and t generalized forces Qk can be determined, 
them, for 𝑞௞, 𝑞̇௞ and t given, the coefficients Akl and Dk are calculated as follows: 
1) we chose 

𝑞̈௞ = 0 (𝑘 = 1,2, … , ℎ), (7.21) 
we determine Qk, 

𝐷௞ = 𝑄௞ (𝑘 = 1,2, … , ℎ); (7.22) 
2) successively, for l = 1, 2, ... , h, we chose 

𝑞̈௟ = 1, 𝑞̈௞ = 0 (𝑘 = 1,2, … , ℎ;  𝑘 ≠ 𝑙), (7.23) 
and we determine Qk, as well as 

𝐴௞௟ = 𝑄௞ − 𝐷௞ (𝑘 = 1,2, … , ℎ). (7.24) 
With the coefficients (7.22) and (7.24) determine the matrices (7.13), (7.18) and (7.19) with 

which the explicit form (7.20) of the system is constructed. 
This system consists of h second-order differential equations, which can be put in the form 

of a system of 2h first-order equations by introducing auxiliary variables 
𝑠௞ = 𝑞̇

𝑘
 (𝑘 = 1,2, … , ℎ). (7.25) 

With these variables, system (7.20) becomes 
൛𝑋̇ൟ = [𝐵]{𝑋} + {𝐸}, (7.26) 

where 

{𝑋} =

⎩
⎪
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, (7.27) 

[𝐵] =
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⎥
⎥
⎥
⎤

 , (7.28) 

{𝐸} =

⎩
⎪
⎨

⎪
⎧

0
⋮
0

𝑄ଵ
ᇱ − 𝐷ଵ

ᇱ

⋮
𝑄௛

ᇱ − 𝐷௛
ᇱ ⎭
⎪
⎬

⎪
⎫

. (7.29) 

The system (7.26) can be numerically integrated with the Runge-Kutta method. 
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7.4. Numerical applications 

The system of differential equations (7.26), of the first order, was numerically integrated 
using the Runge–Kutta method, using the time step ∆t=0.00001 s. 

In order to verify the method, the variations in driving forces and torques calculated in 
Chapter 6 were used as input and the laws of motion obtained by integration with those imposed in 
that chapter were compared. 

The numerical integration of the system of differential equations was first performed with 
the ode45 function, from the MATLAB program. In this case, the values obtained coincided to a 
good extent with those imposed in Chapters 4 to 5 only in a first sub-interval of approximately 30% 
of the time considered, t = 0 ... 0.8 s. In the latter part of the range, cumulative errors in the 
numerical integration method led to significant differences. 

The functions ode23, ode78, ode89 and ode113 were then tried successively, but none 
brought significant improvements. 

Finally, integration was performed with the ode45 function, applied successively over 4000 
subintervals t = ti ... ti + 2·10-4 s of the considered range , t = 0 ... 0.8 s. In this case, the accuracy has 
increased considerably, with the values obtained coinciding very well with those imposed in 
Chapter 6 for most of the time frame considered (approximately 88%). 

Thus, variations in control parameters were obtained (φ0-1, θ1-2, φ2-3, θ3-4, φ4-5, ψ5-6, θ6-7, ψ7-8, 
s1, s2, s3, s4 and s5), and their first two derivatives illustrated in Figures 7.1 to 7.13, superimposed on 
those required in Chapters 4 and 5. 

A further increase in accuracy can be achieved by reducing the time step, but the execution 
time lengthens considerably. 

 

   
a) b) c) 

Fig. 7.1. Angular displacement and its first and second derivatives respectively for the servomotor 1 

 

   
a) b) c) 

Fig. 7.2 Angular displacement and its first and second derivatives respectively for the servomotor 2 
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a) b) c) 

Fig. 7.3. Angular displacement and its first and second derivatives respectively for the servomotor 3 

 

   
a) b) c) 

Fig. 7.4. Angular displacement and its first and second derivatives respectively for the servomotor 4 

 

   
a) b) c) 

Fig. 7.5. Angular displacement and its first and second derivatives respectively for the servomotor 5 

 

   
a) b) c) 

Fig. 7.6. Angular displacement and its first and second derivatives respectively for the servomotor 6 
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a) b) c) 

Fig. 7.7. Angular displacement and its first and second derivatives respectively for the servomotor 7 

 

   
a) b) c) 

Fig. 7.8. Angular displacement and its first and second derivatives respectively for the servomotor 8  

 

   
a) b) c) 

Fig. 7.9. Displacement and its first and second derivatives respectively for the linear actuator 1 

 

   
a) b) c) 

Fig. 7.10. Displacement and its first and second derivatives respectively for the linear actuator 2 
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a) b) c) 

Fig. 7.11. Displacement and its first and second derivatives respectively for the linear actuator 3 

 

   
a) b) c) 

Fig. 7.12. Displacement and its first and second derivatives respectively for the linear actuator 4 

 

   
a) b) c) 

Fig. 7.13. Displacement and its first and second derivatives respectively for the linear actuator 5 

 

7.5. Conclusions 

The values of displacements, velocities and accelerations of the linear actuators acting each 
finger, as well as the angular displacements, and their first two derivatives, obtained in the case of 
direct dynamics, largely coincide with the values given as input parameters for calculating the 
forces and moments in the joints in the case of reverse dynamics. This overlap of results confirms 
the correctness of the method of numerical solving of differential equations of motion of the robotic 
hand-arm system, presented in this chapter. 

Errors occurring in the last eighth of the time interval in which the movement occurs are due 
to the numerical method of integration. A reduction of these errors can be achieved by choosing a 
smaller time step, which, however, considerably increases the running time. 



 

8. Vibrations 

The functionality of the anthropomorphic prehensor presented in Chapter 3 may be affected 
by vibrations arising from various mechanical interactions in the robotic hand-arm system, or due to 
external factors, depending on operating conditions. 

Two types of studies were considered: 
1. numerically, of 3D modeled fingers as rigidly bound elastic solids systems; 
2. experimental, 1 finger, made with real joints. 

 

8.1. Numerical study 

The free, undamped vibrations of the following subsystems were analyzed using the finite 
elements method in CATIA V5: 
1) thumb (finger 1), considered as a separate rigid system (fig. 8.1.a), 
2) one of the fingers 2-5, considered as a separate rigid system (fig. 8.1.b), 
3) the hand, considering that the fingers, considered rigid, are rigidly fixed on the palm. 

 

  
a) b) 

4) Fig. 8.1. Fingers extended (light gray) and flexed (dark gray) [16] 

Each of the three cases presented was studied for two configurations (Fig. 8.1) defined by 
the angle θ13-1 for the thumb, respectively by the angles θ13-2-5 for the other fingers: 
 extended finger (light grey) - θ13-1=0°, θ13-2-5=0°, 
 flexed finger (dark grey color) - θ13-1=64°, θ13-2-5=32°. 

In addition, the proper frequencies of the fingers, considered as separate systems, were 
determined in seven intermediate configurations between the two above, with steps Δθ13-1=8° 
(tab. 8.1) and Δθ13-2-5=4° (tab. 8.2), respectively, as well as the system of the hand with outstretched 
and flexed fingers (tab. 8.3). 

Variations with flexion angles θ13-1, and θ13-2-5, respectively, of the first two 
eigenfrequencies of finger 1 and one of the other fingers, respectively, considered as independent 
systems, are shown in figure 8.2. 

The values of the first two proper frequencies are higher for finger 1 than for the other 
fingers. This is due to the smaller size of finger 1, compared to fingers 2-5. However, this 
observation is not true for higher modes of their own, which is explained by the different shape of 
the fingers. 
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Fig. 8.2. Variation of the first two eigenfrequencies from the angle θ [16] 

The first proper vibration mode of finger 1 (fig. 8.3), as well as fingers 2-5 (fig. 8.4), is to 
bend in a plane parallel to that of the plate, in which the flexibility of the body is greater. 

The second proper mode of vibration of finger 1 (fig. 8.5), as well as fingers 2-5 (fig. 8.6), is 
to bend in a plane perpendicular to that of the plate. 

  
a) b) 

Fig. 8.3. First vibration mode of finger 1: a) extended b) flexed [16] 

 

 
a) b) 

Fig. 8.4. First mode of vibration of fingers 2-5: a) extended b) flexed [16] 
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a) b) 

Fig. 8.5. Second vibration mode of finger 1: a) extended b) flexed [16] 

  
a) b) 

Fig. 8.6. Second mode of vibration of fingers 2-5: a) extended b) flexed [16] 

 

8.2. Experimental study 

The experimental determinations were made using the laser vibrometer consisting of the 
Polytec OFV-5000 controller (fig. 8.33) and the Polytec OFV-505 laser head (fig. 8.34). 

 

  
Fig. 8.33. Controller Fig. 8.34. Laser head 

 
The laser vibrometer measures the relative vibration speed of the body at which the laser 

beam is directed (fig. 8.35). 
The thumb of the hand, together with the linear actuator attached to it, was fixed in the 

console on a support made by 3D printing (fig. 8.36). 
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Fig. 8.35. Laser head pointing at one of the fingers of the hand 

 
Fig. 8.36. Assembly of finger 1, corresponding linear actuator and holder 

Adjustments were made to measure low frequencies, and the amplitude of the output signal 
was used as a trigger, by gently hitting the system at various locations (fig. 8.37). 

 

 
Fig. 8.37. Theoretical locations where it was desired to hit the 

 
a) 

 
b) 

 
c) 

Fig. 8.38. Actual locations where the system was hit to start measuring vibration 
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Measurements were made five times for each strike location (fig. 8.38 a-c), over a duration 
of 10s, with a sampling frequency of 1000Hz.  

The signal analysis was performed using the fast Fourier transform, which calculates the 
discrete Fourier transform of the signal, thus obtaining the first proper frequency in the range 
0...500Hz. 

1 

  

6 

  

11 

  
Fig. 8.39. Signal and corresponding spectrum 

Thus, the signals in figure 8.39 and the corresponding spectra were obtained, with only 3 
measurements being presented. All spectra show sharp maxima at 24.2 Hz. 

 

8.3. Conclusions 

The considered model in the numerical study differs significantly from the real system, in 
which the elements are articulated. The high flexibility of the joints in relation to that of the 
component bodies results in lower values of their own frequencies. 

The studies presented in this chapter are only one step towards initiating more precise and 
complete studies, which could be the subject of further development. 



 

9. Final considerations 

9.1. Final remarks 

The grasping device used is a mechanism with a reduced number of mobilities compared to 
that of a human hand, which makes it cheaper, lighter, and easier to build than a more realistic 
model. 

To improve the functionality of the existing commercial hand, used as a starting point for 
the present doctoral thesis, additional mobility of the thumb was introduced, rotating it around an 
axis perpendicular to the plane of the palm. Additionally, an anthropomorphic arm was designed, 
which, together with the hand, forms a robotic hand-arm system. 

Due to its simplicity and relatively small size, most parts of the device can be manufactured 
by 3D printing. Other parts are made directly from commercially available blanks. This design 
strategy easily allows further improvements to be made. 

The study presents a kinematic analysis, an indirect dynamic analysis, as well as a direct 
dynamic analysis of the hand-arm robotic system. 

The movement of the robotic hand-arm system was visualized through an animated 
graphical representation of its significant points, made with the help of the program developed for 
determining kinematic and dynamic calculations. 

Several sets of kinematic calculation checks have been performed: 
1. the angular velocities of analytically determined component copes were verified using Poisson's 

relations, where the unit vectors 𝚤,̅ 𝚥 ̅and 𝑘ത were derived numerically; 
2. the analytically determined significant point rates were compared with the values obtained by 

numerical derivation of position vectors; 
3. the angular accelerations of analytically determined component copes were compared with the 

values obtained by numerical derivation of angular velocities; 
4. analytically determined accelerations of significant points were compared with values obtained 

by numerical velocity derivation. 
In all four sets of checks, the results obtained by the two methods are very well in 

agreement. 
In the chosen configuration, the required torque of the servo motor in joint 2 of the system is 

the highest, which is explained by the large arms of the weights of the components, relative to point 
O2. This result leads to the need either to use a sufficiently powerful actuator or to decrease the 
torque required to produce the movement, using a system of counterweights or a system of elastic 
elements. 

The reaction couples in joints 1 and 3 are considerably larger than the others, which is why 
it is advisable to make more robust components of these joints. 

The small values of the torque components M8 are due to the small values of the inertia 
parameters of the 1st finger, as well as the arm O8O9.  

The results provide useful computational data for the basic design of a robotic hand-arm 
system as well as for an optimization process. 

Motor forces and torques (forces required for linear finger motors and times required for 
actuators in joints providing degrees of mobility to the system) were calculated by two methods: 
 using the methods of classical mechanics, isolating all 55 bodies of the system and using the 

momentum theorem and the angular momentum theorem with respect to the center of mass for 
each body; 

 using the methods of analytical mechanics, using D’Alembert’s principle and the principle of 
virtual powers.  
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The results obtained by the two methods are very well in agreement. 
Another method of verification consisted in applying momentum theorem and angular 

momentum theorem on subsystems, thus analyzing all 5 fingers separately. And in this case, the 
results coincided with particularly good accuracy. 

The values of displacements, velocities and accelerations of the linear actuators acting each 
finger, as well as the angular displacements, and their first two derivatives, obtained in the case of 
direct dynamics, largely coincide with the values given as input parameters for calculating the 
forces and moments in the joints in the case of reverse dynamics. This overlap of results confirms 
the correctness of the method of numerical solving of differential equations of motion of the robotic 
hand-arm system. 

Errors occurring in the last eighth of the time interval in which the movement occurs are due 
to the numerical method of integration. A reduction of these errors can be achieved by choosing a 
smaller time step, which, however, considerably increases the running time. 

9.2. Original contributions 

The paper makes a number of original contributions to the study of anthropomorphic hand-
arm robotic systems. These are reviewed below. 

The 3D model of an anthropomorphic robotic arm was designed and made so that it could be 
made mainly of blanks. 

The joints of the robotic arm have been designed so that they can be made by printing using 
a 3D printer. 

The overall concept behind the robotic arm design has been developed so that the robot is 
modular, with new parts being added to improve system performance. 

The means of action of the studied anthropomorphic hand have been modified to reduce its 
size and weight and a new degree of mobility has been added to it in order to achieve more complex 
movements and improve the ability to manipulate objects already grasped by it. 

The connections between the constituent bodies of the robotic hand have been modeled in 
such a way as to avoid both underconstraint and overconstraint of the mechanical system, therefore 
so that the system of dynamic equations that calculate the forces and moments in the links is 
compatible and determined. 

A complete kinematic analysis was performed by determining the equations of motion, the 
speeds, and accelerations of all points of the system, as well as the angular velocities and 
accelerations of the bodies composing the robot. 

Inverse dynamic analysis was performed, both using the general theorems of classical 
mechanics and the methods of analytic mechanics, to determine the forces and momenta in the 
bonds of the system when motion is imposed. Some of these forces and moments are engines and 
others are reactions. Motor forces and torques are required for the choice of actuators, and reaction 
forces are used for dimensioning system elements. 

Direct dynamic analysis of the system was carried out by an original method, based on the 
observation that the differential equations of motion of any mechanical system depend linearly on 
second-order derivatives of generalized coordinates. This analysis has been verified using the 
results obtained from reverse dynamic analysis and is the basis for determining the movement of the 
hand-arm system in any other configuration, as well as under the action of any other system of 
motor forces and torques. 

A numerical analysis of the vibrations of 3D modeled fingers as rigidly bonded elastic solids 
systems was performed. The analysis was performed with the finite element method, from the 
design program, also used for designing the arm and hand elements, CATIA V5. The first ten 
proper vibration modes of the fingers of the grasping system as well as of the system with fingers 
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rigidly attached to the palm of the grasp in different configurations were determined. The study is a 
preliminary step to determine possible harmful own frequencies. 

An experimental study was conducted to determine the true values of the first proper 
frequency of finger 1 using a remote vibration velocity acquisition system. The experimental data 
were processed with the fast Fourier transform to obtain the corresponding spectrum. Its analysis 
allowed to determine the fundamental eigenfrequency of the studied finger. 

 

9.3. Development directions 

The studies presented in this paper can be continued with a wide range of development 
directions. 

A first direction consists in extending kinematic and reverse dynamic analysis for other laws 
of variation of control parameters of the presented robotic system. 

A second direction is to determine optimal movements in terms of energy consumption and 
execution time. 

Other systems can be studied, using both the knowledge gained and the calculation 
programs conducted in the framework of this work. 

Another direction of interest is the implementation of algorithms based on artificial 
intelligence, to perform complex tasks. 

The presented model can be made practically, with low costs, using the 3D printing process. 
Successive improvements can also be made to the system by adding counterweights or 

elastic elements to reduce the driving torques required to make the hand-arm system lighter and 
more efficient. 
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