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In the following, we present the structure of this thesis and the original results obtained
within it.

In Chapter 1, SG-Hypoelliptic Pseudo-differential Operators on L?(R"), we
study a subclass of a class of generalized SG-hypoelliptic pseudo-differential operators
on L? (R"),1 < p < oo, introduced by Camperi in [5]. We mention that this study was
conducted in connection with the work of Viorel Catana [7].

The results in this chapter are included in the original paper [8], entitled Essential
spectra and semigroups of perturbations of generalized SG-hypoelliptic
pseudo-differential operators on LP(R"™), published in J. Pseudo-Differ. Oper.
Appl. 13, 25 (2022), in which the author of this thesis is a co-author alongside Viorel
Catana.

In Section 1.1, we will recall several important definitions and results related to the
class of symbols SG7'5 (R"), where m = (my,my), p = (p1,p2), 6 = (61,0,) are in R?,
0<9;, <p; <1,j=1,2, and we define SG-pseudo-differential operators with symbols

in this class as follows (see [5]).

Definition 1. (see [5]) The class SG7; (R"),m = (m1,ma),p = (p1,p2),6 = (61,02)
inR?, 0<4; <p; <1,j=1,2, is defined as the set of all functions o(z, &) € C= (R?")
that satisfy the inequality

08070 (2, €)| < Cap(g)m™ Prlattorlil(g)mazraldloalal,

for all o, 8 € N", (z,€) € R*", where C, s is a positive constant depending only on «, 3,
and (&) = (1+[¢P)", (@) = (1 + [2)"2.

The elements of the class SG7's (R™) are called global symbols of order m and type
p, 0.

Certain classes of global symbols in the case where p; = py = 1,7 = 2 = 0 have been

studied by Wong and Dasgupta in [12] and by Nicola and Rodino in [20]. In our thesis,
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we will consider the class of symbols with p; = 1,00 = 0,0 < py <1 and 0 < §; < 1,
thus we will be working in a more general framework.
If my <ml, p < pj,6; < 65,7 =1,2, then SGJ'; (R") C SG;?‘:(;, (R™).
We define
SG™ (R") = epe SGps (R") = S (R*)
SG= (R") = Upere SG5 (R™)
where S (R?") is the Schwartz space.
Let o € SG}'; (R"). We define the pseudo-differential operator T, = o(z, D) using

the standard formula

(Tou) () = o(z, D)u(zr) = (27T)"/2/ ¢ o (x, £)u(€)de, (1)

n

for all functions u in S (R™), where

u(§) = (2%)_"/2/ ey (z)dr, £ € R,

n

We denote by OPSG7}'s (R") the space of all operators of the form (1) with symbols
in SG7'; (R™).

Definition 2. (see [5]) Let 0 € SG7'5 (R") be a symbol. We say that o is called a
hypoelliptic symbol if there exist two positive constants R, Cy, Cy o g and m = (m}, m}) €
R? such that

jo(,€)] > Co()™ (x)™ (2)

and
‘Dnga(x,f)‘ < C’O’OCWB|O-($7€)|<§>—m|0¢|+51\5|<m>—p2|ﬂ|+52\a|, (3)
for every a, 8 € N" and (z,¢) € R*" with |z| + [¢] > R.

We denote by HS Gz(gml the class of hypoelliptic symbols of order (m,m’).

Definition 3. (see [5]) Let o € SG}'5 (R") be a symbol. The symbol ¢ is called elliptic

if it satisfies relation (2) for m’ = m.

Remark 1. It is easy to observe that every elliptic symbol is hypoelliptic, since relation

(2) for m’ = m implies (3).

In Section 1.2, we define the LP-Sobolev spaces H®'*2P of order sp, sy, together
with certain properties of these spaces, stating and later proving two results concerning

the boundedness and the compactness of the SG-pseudo-differential operators (see
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Theorems 1, 2). In the end of the Section 1.2, we state and prove two results involving
the establishment of Sobolev-type estimates (see Theorem 3 and Corollary 1).
In the following, we present the definitions and results from this Section.

Let 51,59 € R. We define the pseudo-differential operators T, where

51,89
Tar i (,€) = (1)) € SGII2 o (R")

is an SG-elliptic symbol and T,, . : S(R) — S(R) is an isomorphism that can be

»S2

extended to an isomorphism on §’(R) with inverse 7, where

O'—sl,—52 Y

0-—51,—52 (ZE, f) = <l‘>_52 <§>_81 € SGZ:;)Q,(O,O) (Rn) .

Thus, if we denote symbolically oy, s, (x, D) = (x)**(D)*', then o_g _,(z,D) =
(D)~ ().

Definition 4. For 1 < p < o0, —00 < 51,89 < +00, we define the LP-Sobolev space

H#v%2P of order sy, s9 as follows:
e (R = {u € 8 (RY); (a)(D)"u € LF (R"))
Then, H*»*>? (R") is a Banach space where the norm is defined by the relation

[ulls;.50p = 12)2 (D) ttl| o gny - w € HP2P(RY),

where || - || Lp(rny is the norm in L? (R").
We observe that H%%F (R") = L? (R™).
Moreover,

(| H"™"®R)=S®R", [J H"?R")=8R").

(s1,82)€R? (s1,52)€R?
Theorem 1. Let 0 € SGE%%),(&,O) (R"),0 < py < 1,0 < < 1 be a symbol of global

type and let 1 < p < 0.
Then, T, : L (R™) — L? (R") is a bounded linear operator.

Theorem 2. Let o0 € SG's,m = (my,ma),p = (p1,p2),0 = (1,02) in R* such that
p1=1,0=0,0<p<1,0<4, < 1.

Then, for (s1,s2) € R? and 1 < p < 0o,T,, : H*V52P (R") — HS1—ms27m2p (R s g
bounded linear operator.

Moreover, the map T, : H**>P (R") — H'"™P (R") is compact whenever s; — t; >

mi, 8o — to > My.
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Theorem 3. Let T, € OPSGZC’;mI R"),m" < m (ie. m; < mj,j =12, if m =
(my,mz) and m' = (m},m))), be a SG-hypoelliptic pseudo-differential operator and
assume u € §' (R™), T,u € H*? (R™) ,s = (s1,52) in R*| 1 < p < o00.

Then, u € H**™? (R") and for every t < s +m we have the estimate

lilstmes < C (ITullp + lulles) (4)
for a positive constant C' depending on s.

Corollary 1. LetT, € OPSGngm/ (R™) be a SG-hypoelliptic pseudo-differential operator,
where m’ = (m/,m}) is a couple of positive integers.

Then,
S l##p%ull,, < € (IToullg, + lullos)

la|<my
|B|<my

where C' 1s a positive constant.

At the beginning of Section 1.3, we associate to positive-order SG-pseudo
-differential operators on L? (R"), where 1 < p < oo, the corresponding minimal and
maximal operators.

Furthermore, we state and prove an analogue of the Agmon-Douglis-Nirenberg
estimate from [1] for SG-hypoelliptic pseudo-differential operators (see Theorem 4).

Using this estimate, we prove a result regarding the inclusions between the domains
of the minimal and maximal operators of SG-hypoelliptic pseudo-differential operators
and other L? (R™)-Sobolev spaces of order sq, s9, where 1 < p < 00, —00 < $1, 82 < 00
(Theorem 5).

Using a particular version of FErhling’s inequality (see [23]), we prove some
perturbation results concerning the Agmon-Douglis-Nirenberg inequality for
SG-hypoelliptic pseudo-differential operators (see Theorems 6, 7, 8).

In addition, we state a conjecture regarding a version of Erhling’s inequality (see
Conjecture 1).

We now present the definitions and results from this Section.

Let o € SGJ'5,m > 0. We can consider the linear and continuous mapping 7 :
S (R") — S (R") as a linear operator T, : D(T,) C L? (R") — L? (R") with the dense
domain D (7,) = S(R"), where 1 < p < oco. It can be shown that this is a closed
extension in L” (R"). We denote by 7, the smallest such extension and refer to it as
the minimal operator of T,.

The domain D (7, ) of T}, o consists of all functions v in L? (R™) for which there exists

a sequence {gx}r—, in S (R") such that ¢x — w in L? (R") and T, — f for some f
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in LP? (R") as k — oo. Moreover, if u € D (1,,), it can be shown that the limit f does
not depend on the choice of the sequence {¢;},-, in S (R"), and we can thus define
Tmou = f

We consider the following operator:
Tg71 :D (To,l) cL? (Rn) — LP (Rn) s Tg,lu = f, u €D (TUJ) ,
and f in LP (R") if and only if

(u,T;0) = (f,0), peSR"),

where
(u,v) = / u(2)o() de,

for all measurable functions v and v on R", assuming that the integral exists and T7*
is the formal adjoint of 7,. It can be shown that 7, ; is a closed linear operator from
LP (R™) into L? (R") with domain D (7, ;) and S (R") C D (T, ).

Furthermore, T, ju = T,u, for all w in D (T,,) = {v € LP (R") : T,u € L? (R™)}. We
call T, ; the maximal operator of T,. The operator 7, ; is the largest closed extension of
T,, in the sense that if B is any closed extension of T, such that S (R") C D (B"), then

T, is an extension of B, where B* is the true adjoint of B.

Theorem 4. Let o € HSGZL(;m/ (R™),0 <m/ < m, be an SG-hypoelliptic symbol.

Then, there exist positive constants Cy and Cy such that
Cillullm » < [Toully, + llullop < Collullmp, w € H™ (R"). (5)

Remark 2. The estimate (5) is the analogue of the Agmon-Douglis-Nirenberg inequality
from [1], applied to SG-hypoelliptic pseudo-differential operators. Therefore, we will
refer to it as the SG-Agmon-Douglis-Nirenberg inequality.

Theorem 5. Let o € HSGZL(’;mI (R™),0 <m' < m, be an SG-hypoelliptic symbol.
Then,

H™ (R") C D (T,0) C D (T,,) C H™?(R"). (6)

Conjecture 1. Let 1 < p < 0o and 0 < s; < tj,5 = 1,2. Then, for every positive

number e there exists a positive constant C. such that

[ully s < ellellen i, + Cellllonp, u € H2P (R™).
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Theorem 6. Let 0 € HSG;%m/,O <m < m,m = (my,me),m = (m},m)), be an
hypoelliptic symbol and let V be a measurable function on R™ such that there exists a

positive constant C' for which
IVellop < Cllollsp:. ¢ €S, (7)

where 0 < s1 < mf,s2 < 0,1 <p<oo.

Then, there exist positive constants Cy and Cs such that

Cullelmws < 1To + V) @llo, + lllop < Coll@lmg, @ €S. (8)

Theorem 7. Leto € HS Zf(’;m/,() <m <m,m = (my,my),m = (m},m}) in R?, be an
hypoelliptic symbol and let V' be a measurable function on R™ such that the multiplication
operator
V:SR")CDWV)cCLPR") — LP(R"),
D(V)={ue L’P(R");Vue L? (R")},
satisfies the estimate
Veellop < Cllellssp © € S(R),

where 0 < s; < m),s9 < 0,1 <p < oo. Then, there exist positive constants Cy,Cy such
that
Cillllm p < [1(To + V) ullg, + lullop < Collullmp, w e H™ (R").

Theorem 8. Let 0 € HS :(’;m/ (R"),0 < m' < m, be an SG-hypoelliptic symbol and
let V be a SG-pseudo-differential operator T, with symbol T € SG,5(R"),s < m’ (i.e.
sjp <mf,j=1,2,if s = (s1,82) and m' = (mj, my)).

Then, there exist positive constants Cy, Cy such that
Culltlmp < [(To + V) ully, + l[ullop < Colltflmp, we H™ (R").

In Section 1.4, we state and prove some results concerning the essential spectrum
of the perturbations of SG-hypoelliptic pseudo-differential operators with singular
potentials on L? (R"),1 < p < oo, introduced and studied in [21] (see Theorems 9, 10).
A perturbation result for SG-hypoelliptic pseudo-differential operators with singular
potentials on L” (R™) in the case where their symbol does not depend on x in R™ is also
stated and proved (see Theorem 11). At the end of this section, we prove a result
regarding strongly continuous contraction semigroups generated by SG-hypoelliptic
pseudo-differential operators on LP (R"),1 < p < oo (see Theorem 12).

In the following, we present the theorems obtained in Section 1.4.
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Theorem 9. Let 7 € SG'; (R") ,m = (my,ma) € R2, be a global-type symbol, and let
s = (s1,82) € R? such that m; < s;,j = 1,2, and let V' be a measurable function on R™.

Suppose that M, ,(V) < oo for some real o satisfying
0<a<p(si—m),

where 1 < p < 0.
Then,
VT:0llopp < Cliellsisom ¢ €SRY).

Thus, H*52? (R") C D (VT).

Moreover, if V' satisfies the condition
/ |V (z)[Pdz — 0 as |y| — oo,
lz—y|<1

then VT, is a compact operator from H**>P (R™) to LP (R™).

Theorem 10. Let o € HSGZ?(’;W,O < m' < m, be a hypoelliptic symbol, let
T € SG%, 1<j5<r, andletV;,1 < j <r, be measurable functions on R™. Suppose
that

V;:D(V;) C LP(R") — L? (R")
is the corresponding multiplication operator, and let s/ = (3{7 SJQ) in R? such that m/ <
sl <m!',m = (m{,mg), m' = (mh,m}), and s, < 0.

Suppose that

M,,, (V;) <oo, 1<j<r,
where
O<aj<p(s{—m{), 1<5<n,
and

/| | \Vi(z)]Pde — 0 as |yl 00, 1<j<r1l<p<oo.
r—y|<1

Then, the operator

L:S[R")CLR") = LP(R"), L=T,+>» VT,

J=1

is closable in LP (R™). Moreover, if Ly denotes its closure, then
H™" (R") € D(T,0) = D (Ly) C H"" (R") (9)

and Ly — T, is T,y compact.
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Thus, >, (Lo) = >, (Tsp0), where we denote by > (T) the essential spectrum of the

operator T in the sense of Schechter. In particular, if o is independent of x in R™, then

Ze (LO) = Ze (TU,O) = Z (TU,O) = {U(f)ag € Rn}

Theorem 11. Let o be a real symbol as given in Theorem 10, which is independent of
x in R"™, and let P = Z]T.Zl VT, be a symmetric operator that satisfies the hypotheses of
Theorem 10 for p = 2, such that 7;,5 = 1,2,...,r, is also independent of x in R". Let

L =T, + P be an operator as in Theorem 10. Then, Lq is a self-adjoint operator.

Theorem 12. Let 0 € HS Zf(gm/ (R™),m = (my,mz),m" = (m},my),my > mj; >
0,7 = 1,2, be an SG-hypoelliptic symbol such that T, is the infinitesimal generator of a
strongly continuous semigroup of contractions on LP (R™),1 < p < oo, m} > «/p, where
a 1S a positive constant.

Let V' be a complex measurable function on R™ such that Re V(x) < 0 for almost
all v € R" and M,,(V) < oo. Then, T,o + V is the infinitesimal generator of an

one-parameter strongly continuous semigroup of contractions on LP (R™).

In Chapter 2, Minimal and Maximal Operators in an Abstract Framework,
starting from the article [22], we construct an abstract framework in which we study
the minimal and maximal operators associated with an operator A : D(A) C X —
X with dense domain D(A), where X is a complex Banach space. In this abstract
framework, we can recover Lebesgue or Sobolev spaces, together with various classes
of pseudo-differential operators defined on these spaces, for example, M-hypoelliptic
pseudo-differential operators (see [6], [7], [18]) or SG-pseudo-differential operators (see
(5], 8], [12], [13], [19], [20]). Within our abstract framework, we also find the hybrid
class of pseudo-differential operators from the paper [2].

We mention that the results in this chapter can be found in the original work
entitled Some Properties of Minimal and Maximal Operators in an
Abstract Framework, published in U.P.B. Sci. Bull., Series A: Applied Mathematics
and Physics, Vol. 87, Iss. 1 (2025), in which the author of this thesis is a co-author
alongside Viorel Catana (see [11]).

In Section 2.1, we introduce the Bessel weighted potentials of order (sq, s9) € R?
and, using them, we define the X-Sobolev spaces. Furthermore, we introduce a class of
linear operators of order (my,ms) € R? that are related to the X-Sobolev spaces, a class
that could be viewed as an abstraction of the class of hybrid pseudo-differential operators
from [2]. Additionally, we prove a supplementary property of the Bessel potentials, as

well as of the spaces on which they are defined (see Proposition 1). Also, in this section,
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we recall some notations, definitions and results regarding the minimal and maximal
operators associated with the operator A (see [22]).

In the following, we present a summary of the content of this section.

Let X be a complex Banach space with norm denoted by ||||y and let S be a dense
subspace of X. We assume that S is a topological space in which the topology is defined
by a countable family of semi-norms {| |;: 7 =1,2,...}.

We say that a sequence {¢r} in S converges to an element ¢ in S if and only if
lor —pl; > 0as k —ooforall j=1,2,....

We denote by S’ the space of all linear and continuous functionals defined on the
space S, and we denote by (u, ) the value of a functional u € S’ on an element ¢ € S.

A functional v is continuous if and only if (u, @) — 0 as k — oo for all sequences
{¢r} converging to zero in S as k — 0.

We say that a sequence {uy} in S” converges to an element v € S’ if and only if
(ug, ) = (u, ) as k — oo for all p € S.

We assume that the spaces X and X’ are continuously embedded in S’.

The definitions and notations used above are similar to those employed in distribution

theory and are also used by Wong in [22].

Remark 3. We can particularize the spaces X and S to obtain nontrivial concrete cases.

For example, let X = P (R"),1 < p < oo, let S = S(R™) be the Schwartz space of

rapidly decreasing functions, and let S = S’ (R™) be the set of all tempered distributions.
Then, X’:LQ(R"),%ﬂLi: I, and S(R") Cc LP(R™) C S'(R"),1 < p < 0.

In the following, we will present our abstract framework in which we will work. It
should be mentioned that this abstract framework is similar to the one in the article [22].

We assume that there exists a family of reflexive Banach spaces X[ . in which the
norms are denoted by ||[|s;.s0.4,x, —00 < s1,82 < 00, where A : R — R, is a positive
weight function, and also we assume that there exists a biparametric group of linear
continuous applications JSAhs2 : 8" — 5 —00 < 81,89 < 00, which satisfy the following
conditions:

(i) JsA1,32 maps S into S, —00 < s1, 89 < 00, and Jé}e : X — X is a compact operator
for every positive number .

(i) X2, ={ue s :JA _ucX} —o0<sys <oo.

(iii)

sy 500, = ||Ji\517_82uHX ue XA —00 < sy, 89 < 00. (10)

51,527

(iv)
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Let s; <t;,7=1,2.
Then, X, C X and

ti,ta = “7s1,82
||U||51752,A,X < ||u||t1,t2,A7Xv u € Xt/;,tg' (11)

(v) X2, can be continuously embedded in S’, —00 < s1, 55 < 00.

(vi) S can be continuously embedded in (X2 )" and (X2 )’ can be continuously

embedded in S’, —00 < 51, 89 < 00.

(vii)

(u,gp):(go,u),uEXA 5 P €5, —00 < 51,52 < 00. (12)

81,
We denote by Jsﬁ& the weighted Bessel potentials of order (s, s2) € R? and Xﬁm
the X-Sobolev spaces of order (s, s2) € R
Definition 5. Let T : S" — S’ be a linear and continuous operator.

We assume that there exists a pair of real numbers (my, ms) such that

T: X4 XA

51,52 §1—M1,52—mM2

is a bounded linear operator for all (sy, s9) € R?.

We say that T is an operator of order (my, msy) if m; and my are the smallest values

for which T': X;‘hs2 — X;‘ﬁmhsrmz is a bounded linear operator.
If my = my = —o0, we say that T is an infinitely smoothing operator.

Definition 6. Let A: S C X — X be a linear operator such that A maps S into S and
its formal adjoint A* maps S continuously into S.

We say that A is an operator of order (my, ms) if the operator A : S” — S’ is of order
(m1, m2) (see relation (14) for the definition of the operator A : S" — 5').

Remark 4. The biparametric family X sA1,327 s1,82 € R, of X-Sobolev spaces defines a
biparametric abstract framework in which we can find, in certain particular cases, the
theory of SG-pseudo-differential operators (see [5], [8], [12]) or the theory of a hybrid

class of pseudo-differential operators (see [2]).

Proposition 1. Let s, 8o, 1,15 € (—00, 00).
Then,
) JA L XA XA ' it tor;
i) I, XD, S tty.setty 15 @ unitary operator;

.. . . A
i) S is dense in X, .

Remark 5. j) From (i), (ii) and Proposition 1, we obtain that S C X C X{, and S is

dense in X{. Since S is dense in X, it follows that X = X

jj) From Proposition 1 i), we obtain that J}, is an operator of order (—t1, —t2).
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We will present some well-known definitions, notations and results related to the
theory of minimal and maximal operators (see [2], [6], [7], [8], [22]).

Let X be a complex Banach space, S a dense subspace of X, and let A be a linear
operator from X to X with domain S. We denote by X’ the space of all linear and
bounded functionals on X and by (2, z) the value of a functional 2’ in X’ at an element

z from X.

Definition 7. Let D (A") be the set of all functionals ¢’ in X’ for which there exists a

functional z’ in X’ such that
(v, Az) = (¢/,x), xeb. (13)

It can be shown that for every 3 in X', there exists at most one functional 2’ in X’
that satisfies the relation (13).

Therefore, we can define A'y’ = 2/, for all ¢’ in D (A"). A’ is called the true adjoint
of A.

It can be proven that A’ is a closed linear operator from X’ to X’ with domain
D (A"). Additionally, we can observe that if B is a linear extension of A, then A’ is a

linear extension of B?.

Definition 8. Let A be a linear operator from X to X with domain S. The operator A

is closable if and only if
o €S, = 0in X, Appy > xin X = 2 =0.

In the following, we will define the minimal operator associated with the operator A.
Assume that A is a closable operator. We can construct a closed linear extension Ag

of the operator A.

Definition 9. Let D (Ap) be the set of all elements x in X for which there exists a
sequence {¢g -, in S such that ¢ — 2 in X, and Ay, — y for some y in X as k — oo.
We can define Agz =y, for all z € D (Ay).
It can be proven that the definition of the operator Ay does not depend on the
particular choice of the sequence {¢y},-, and also it can be shown that Ay is the smallest
linear extension of A (i.e., if B is a linear extension of A, then B is a linear extension of

Ap). Ay is called the minimal operator associated with the operator A.

From now on, in this chapter, we will assume that X is a reflexive complex Banach

space.
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In order to define the maximal operator, we need to introduce the notion of formal
adjoint. Assume that the space X and its dual X’ can be continuously embedded into a
topological space Y. Thus, the spaces X and X’ can be viewed as subspaces of the space
Y. Also, assume that there exists a subspace S of Y such that S is a dense subspace of
both X and X'.

In the following definitions and results, we will assume that A is a linear operator

from X to X with domain S.

Definition 10. The formal adjoint A* of the operator A, if it exists, is defined as the

restriction of the true adjoint A’ to the space S.

From Definition 10, we observe that the formal adjoint A* exists if and only if S is

contained in the domain of A?.

Definition 11. We define the linear operator A; from X to X using the relation A; =
(A%)".

Let ¢ € S. From Definition 11, we obtain that

(907A1x) = (A*QO,QT)

for all x € D (Ay).

From the definition of the true adjoint, ¢ € D (A%) and Alp = A*p.

In the paper [22], it is shown that A; is a closed linear operator from X to X with
domain D (A;) containing the space S, the domain D (A!) of the true adjoint of A,
contains the space S, Aj is a linear extension of Ay, and it is also proven that A; is
the largest linear extension of A, with the property that the space S is contained in the
domain of its adjoint (i.e., if B is a linear extension of A such that S C D (B?), then
A; is a linear extension of B). Thus, the operator A; is called the maximal operator
associated with the operator A.

Let A be a linear operator from X to X with domain S. Assume that A maps S into
S, and its formal adjoint A* continuously maps S into S (i.e., if {¢}} is a sequence in S
such that ¢ — 0in S as k — oo, then Ay, — 0 and A*pr, — 0in S as k — 00).

The linear operator A can be extended to the space S’ as follows.

For all v in S’, Au is an element in S’ given by the relation
(Au,0) = (u, A"¢), €S (14)

It can be shown that A : S — S’ is a linear and continuous application.
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In Section 2.2, we established some hypotheses in order to state and prove an
analogue of the Agmon-Douglis-Nirenberg inequality for pseudo-differential operators in
the case of the operator A : D(A) C X — X with a dense domain D(A) (see Theorem
13). Using this inequality, we determined the domain of the minimal operator and
proved that the minimal and maximal operators are equal when certain assumptions
regarding the complex Banach space X and the operator A are satisfied (see Theorems
14, 15). Using the results obtained, we were able to state and prove a result regarding
the existence and regularity of weak solutions of linear equations of the form Au = f on

the Banach space X (see Theorem 16).

Theorem 13. (Agmon-Douglis-Nirenberg inequality [1]) Let A be a linear
operator from X into X with domain S such that A maps S into S and its formal
adjoint A* maps S into S continuously. Suppose that A is of positive order (my,ms)
and there exists a linear operator B of order (—my,—my) from X into X with domain
S such that

BA=1+R, (15)

where I is the identity operator and R is an infinitely smoothing operator.

Then, there exist two positive constants C7 and Cy such that

Cullellmymon < 1Az oon + lzloon < Collzlmymen, @ € X5,

mi,m2”°

(16)

Theorem 14. Let A be as in Theorem 13. Then, D (4g) = X2

mi,mz2’

Theorem 15. Let A be as in Theorem 13. Then, Ay = A;.

Definition 12. Let f € X. Then, an element v in X is called a weak solution of the
linear equation Au = f if (A*p,u) = (¢, f), for all p € S.

Theorem 16. Let A: D(A) C X — X be a linear operator as in Theorem 13 and let

f € X. Then, every weak solution u of the linear equation Au = f is in Xf,‘hm.

Remark 6. The previous theorem represents a regularity result in the sense that every
weak solution u of the linear equation Au = f belongs to a more regular space X,’,\lhm2
because XA C Xgo = X by (11).

mi,ma2

In Section 2.3, we proved two perturbation results. One of these refers to the
Agmon-Douglis-Nirenberg inequality (see Theorems 17 and 18), while the other result
refers to the strongly continuous semigroup of contractions generated by an operator A
considered in Theorem 13 (see Theorem 19).

We will now present the results obtained in this section.
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Theorem 17. Let A be an operator as in Theorem 13, and let V : D(V) C X — X with
S C D(V) be a closed operator such that there exists a positive constant C' for which

||V§0HO,O,A < C||90H81,82,A7 Y e S? (17)

where 0 < s1 < my, S2 <0 < mo.

Then, there exist positive constants C~’1 and ég such that

00 < Coll@llmyman, @ ES. (18)

Cullellmman < A+ V) @llgoa + Nl

Theorem 18. Let A be an operator as in Theorem 13, and let V : D(V) C X — X with
S C D(V) be a closed operator that satisfies the estimate

HV@HQO,A < C”@HSLSQ,A?QO € S? (19)

where 0 < 51 < My, S9 < 0 < mo.

Then, there exist positive constants Cy,Cy such that
Cullullms,man < 11(Ao + V) ullgga + 1ullopn < Collullmima,n: tt € Xy iy (20)

Theorem 19. Let A be an operator as in Theorem 13 such that A is the infinitesimal
generator of a strongly continuous semigroup of contractions on X.
Let V :D(V) C X — X be a mazimal dissipative operator with S C D(V') such that

||V§0||0,0,A < O||QO||81,S2,A790 S S’ (21)

where 0 < s1 < mq, $9 <0< mg and C' is a positive constant.
Then, Aq+ V is the infinitesimal generator of an one-parameter strongly continuous

semigroup of contractions on X.

In Section 2.4, we stated and proved a theorem regarding X-Sobolev spaces (see
Theorem 20), and using this theorem, we proved that the minimal operator associated

with the operator A is Fredholm under certain hypotheses (see Theorem 21).

Theorem 20. Let sy, S9,t1,t5 € R such that s; < t; and sy < ts.

Then, the inclusion i : X}, — X . 1s a compact operator.

Theorem 21. Let A : S C X — X be an operator as in Theorem 13 such that it satisfies
the equality AB = I + L, where B is the operator in Theorem 13 and L is an infinitely
smoothing operator.

Then, the bounded linear operator Ay : X2 C X — X is Fredholm.

miy,m2
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In Chapter 3, On a Class of Generalized Nonlinear Equations Defined by
Elliptic Symbols, we introduce and study a class of nonlinear and nonlocal equations

of infinite order of the type
f(=AD))u=U(: u) (22)

on R" where f : R — R is a measurable function satisfying certain ellipticity conditions,
A R™ — R is a positive and continuous function such that A(D) is a Fourier multiplier,
where D = (Dy, Dy, ..., D,),D; = 4%,1 <j<n.

The results obtained in Chapter 3 are included in the original work [10], entitled On
a Generalized Class of Nonlinear Equations Defined by FElliptic Symbols,
published in Bull. Malays. Math. Sci. Soc. 47, 109 (2024), in which the author of this
thesis is a co-author alongside Viorel Catana and Ioana-Maria Flondor.

The results obtained were inspired by the work of Bravo Vera [3] and the studies of
Gorka, Prado and Reyes (see [14], [15], [16], [17]). In these works, the authors
considered a particular case, specifically that when the operator f(A) is defined using
the Laplace operator on the Euclidean space R™ or on a Riemannian manifold (M, g).
In these particular cases, results regarding the existence and regularity of solutions of

the equations of the type
f(A)u=U(,u) (23)

were obtained.

We note that similar equations were studied in [3], [15], and [14].

In the work [4], Bravo, Prado and Reyes studied nonlinear pseudo-differential
equations of the form

(a(—A) + 1)5/2u =U(-,u), (24)

where s > 0 and the symbols a belong to a certain class of symbols. Such equations
were studied in the framework of Lebesgue spaces LP (R"),1 < p < oo, using Fourier
multiplier theory. We observe that, in the case where s = 2 and f(A) = a(—A) + 1 in
equation (24), we recover equation (23).

If we consider A(§) = |€[%, ¢ € R" (in this case 0 < o < 1), then A(D) = —A (where
A is the Laplace operator on R"), and equation (27) becomes equation (1.4) studied in
[3] and [17]. Therefore, in the particular case where A(D) = —A, the results obtained in
this chapter recover the results established by Gérka, Prado and Reyes in [17], as well
as those by Bravo Vera in [3].

Thus, it should be emphasized that, in this chapter of our thesis, we consider a more

general case than the one studied in [3] and [17].
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For example, in the particular case where A(§) = |2 + |€[%, € € R™ (in this case
3 <5< 1), then A(D) = (-A)2 — A,

To present some concrete examples of equations of the form (22), we can consider,
for instance, f: R — R, f(s) = —se*”.

In the case where A(§) = |€] + [£]*, € € R™, then A(D) = (—A)

Hence, we obtain the equation

((A - (—A)%> (6 I) w=U(-,u). (25)

=

—A.

Another example of an equation of the form (22) can be obtained by considering the
same form of the function f as in the previous example and A(£) = [£]2 + |€]4, € € R™.
Then, A(D) = —A + A?, and we obtain the equation

((A —AZ) AR2AAY 1) w=U(-u). (26)

In Chapter 3, we state and prove several results regarding the existence, uniqueness
and regularity of solutions of the equations of the type (22), building upon the
observations and techniques used in the works of the authors mentioned above.

In Section 3.1, we define the classes of symbols G#* 8 > 0, A : R* - R is a
continuous and positive function with certain properties, as well as the Hilbert spaces
HPA(f) € L*(R™), where 8 > 0 and f € G7*, in which we will find the solutions of
the equation (22). In addition, the formula for the operator f(—A(D)) is presented.
Furthermore, within this section, we state and prove several results related to the classes
of symbols G#* and the spaces H?*(f). One of these results refers to certain properties
of the classes G#* (see Proposition 2), while two other results refer to the structure of
the spaces H?*(f) (see Propositions 3 and 4).

In the following, we present the definitions and the results obtained in this Section.

As mentioned earlier, in this chapter we will study nonlinear equations of the form
f(=AD))u(z) = U(z,u(z)), xeR", (27)
where u belongs to a subspace H**(f) C L? (R") and

A(D)u(x) = (27T)_3/ e A(E)Fu()dE = FH(AE)Fu(€)) (@), (28)

n

for all functions u € L? (R") such that A(:)Fu(-) € L? (R").
In the relation (28), we denote by F the Fourier transform and by F~! the inverse

Fourier transform.
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It should be noted that the operator A(D) is a Fourier multiplier, and the operator
in (27) is, in fact, a function of Fourier multipliers.
Furthermore, A : R — R is a continuous and positive function that satisfies the

following condition:
A& > Cr(1+[€P)”, [€] > Ri, € e R, (29)

for some suitable real numbers C;, Ry and o.

The measurable function f : R — R by means of which we can define the equation
(27) will be called its symbol, and the function A above represents the type of the symbol
f.

Therefore, in the following, we will define the class of symbols for which we will

consider nonlinear equations of the form (27).

Definition 13. Let A : R™ — R be a positive and continuous function, and let 5 be a
positive real number.
A measurable function f: R — R is called a symbol of order g and of type A if and

only if the following two conditions are satisfied:

(i) f(—=s) > 0 for all non-negative real numbers s € R;

(ii) There exist positive real numbers M, R such that

@

M(1+AE))> < f(=A€), [El> R, £ R (30)

We denote by G#* the class of symbols of order 8 and of type A. A measurable
function f : R — R that belongs to the space G#* will be called a G#*-symbol, or
simply a symbol.

In what follows, we will associate each G#*-symbol f with a vector space H>*(f) as

in the following definition.

Definition 14. Let f be a G?*-symbol. A measurable real-valued function ¢ : R* — R
belongs to the space H**(f) if and only if the Fourier transform F(g) of the function g

exists and satisfies

[ 1+ ra@PIFg @) P de < o 31

We can endow the vector space H?*(f) with the following inner product:

1oy = [ 11+ FAOPF O F 0l de 3

]Rn



Summary of the PhD Dissertation 21

for all g1, go € HPA(f).

Thus, the vector space H%*(f), endowed with the inner product defined above,
becomes a Hilbert space.

We note that, in the case where A(£) = |£|?, ¢ € R™, we obtain that H*(f) = HA(f),
where H?(f) is the Hilbert space defined in [3] and [17].

Through a formal computation, it is convenient to define f(—A(D))u, for
u € HPA(f), as follows:

F=AD))u = F (=) F (u)(€))- (33)

The operator
F(=A(D)) : HPM(f) — L2 (R™)

defined by relation (33), for any u € HP*(f), is a well-defined linear operator.

Proposition 2. The following assertions are true:

(i) If f € GPN and g € GV, then f - g € GPA where 3,7 are fived positive real
numbers and A : R™ — R is a positive and continuous function which satisfies condition
(29).

(ii) If 0 < v < 3, then GPN € GV,

(iii) Let r be a real positive number and let f, : R — R be a function such that

fols) = (1 —s)2 -1,

for all s € R_, where R_ denotes the set of all non-positive real numbers.

Then, f. € GPA, for all B < r.

Proposition 3. Let f be a G#*-symbol. Then, the following statements are true:

(i) For each s € R such that s < o, the embedding H>*(f) — H* (R") holds.

(ii) For each integer number k > 1 such that § + k < s < fo, the embedding
HPA(f) < C* (R™) holds.

(iti) For each 0 < oo < 1 such that 2+a = s < Bo, the embedding H**(f) — C* (R")

holds, where C* (R™) is the space of Holder continuous functions of order «.

Proposition 4. A measurable function g : R™ — R belongs to the space HPM(f), Bo > 5
if and only if g = K} * g for some g € L* (R™).

In addition, the Hilbert space HP*(f) endowed with the inner product given by (32)
is isometric isomorphically with the Hilbert space L* (R™), and the transformation Ky :
L% (R™) — HPA(f) given by

Kalg) = K} xg
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18 an isometric isomorphism, i.e., it is a bijection and
||KJ/¢\ * gH’HB,A(f) = [|gl 2®n)-
In Section 3.2, we study the solutions of linear equations of the form
Lu=g, ge€L*R"), (34)
where the linear operator L : H?A(f) — L? (R") is defined using the relation
L=f(-A(D))+1I. (35)

In the previous relation, f is a G#*-symbol, and I : L? (R") — L? (R") is the identity
operator.

Furthermore, the linear operator L is defined by the relation
Lu=FH([1+ f(~AE)Fu(€), ueH(f). (36)

We state and prove an existence and uniqueness result for the solutions of equations of
the form (34) (see Theorem 22) and, using this theorem, we prove under what conditions
these equations admit real-analytic solutions (see Theorem 23). As an application of
Theorem 23, we prove a real-analyticity and regularity result for the solutions of the linear
generalized bosonic string equation (see Theorem 24). Moreover, we prove two results
concerning the regularity and the invariance under rotations of the unique solutions of
equations of the form (34) (see Propositions 5 and 6).

The original results obtained in this section are presented below.

Theorem 22. Let f be a G#*-symbol. Then, for each g € L? (R™), there exists a unique
solution u, € HPA(f) to the linear equation (34).
Moreover, the equality

HugHHﬂ,A(f) = [lgllz2®n) (37)
holds.

Theorem 23. Let f € (.0 G = G (the equality is a notation) be a regularized
symbol, where A : R™ — R, the type of the symbol, is a positive and continuous radial
function (i.e., A(&) = A(|€]), for all € € R).

In addition, suppose that there exists ¢ > 0 such that

' CQm o] 7.2m+n—1 _
SN TS -
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Then, the unique solution u, : R™ — R of the linear equation
(f(-A(D) +DNu=g, geL*R"), (39)
is real-analytic, i.e., u, € C¥ (R").

Theorem 24. Let A : R* — R be a positive continuous radial function (i.e., A(§) =
A(|€]) for all € € R™) which satisfies (29) with o = 1. Let u, : R* — R be the solution

of the linear generalized bosonic string equation
(AD)e? ) + N u=g, gelL*R"), (40)

where ¢ > 0 is a positive constant.

Then, u, : R™ — R is real-analytic in any ball B(z, p) in R, with centre z € R™ and
the radius p = 52,0 < p < min (C1,c), where Cy is the positive constant in relation
(29).

Remark 7. If we take f : R — R, f(s) = —8652,8 € R,A : R" — R which satisfies
condition (29) with o = 1/2 and such that f € (5., G”* = G4 (i.e., f is a regularized
symbol of type A), then it follows that f satisfies the hypotheses of Theorem 23.

For example, if A(¢) = [€]* + €], € R™, then the solution u, of the equation

((a-can) (2ot Nu=g ge2®),

is real-analytic in any ball B(z, p) with centre z € R™ and the radius p = 525, 0 < p <

2mn2 "’

(', where C) is the positive constant in (29).

Remark 8. Let f : R — R be a positive measurable function and let A : R® — R be a
positive continuous radial function (i.e., A(&) = A(|€]), € € R™) which satisfies (29) such
that

1+ F(=A@))? = Ar)e™), (41)

for any r € R*, where ¢ > 0.
Then, the solution u, : R" — R of the linear equation

(f(=AD) + Du=g, geL*R"), (42)
is real-analytic.

Proposition 5. Let f be a G**-symbol and let Lu = g, g € L*(R") be the linear
equation defined by the operator (36). Suppose, in addition, that g € H*(h) for some
§ > 0 and for some h € G¥M.

Then, the solution of this equation belongs to HO™(h) N HPA(f) N HPTOA(F - h).
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Proposition 6. Let f be a G**-symbol and let Lu = g, g € L*(R"), be the linear
equation corresponding to this symbol. If g and A are invariant under rotations (i.e., for
each rotation R € SO(n), g(Rx) = g(z) and A(RE) = A(§) for all x,§ € R™), then the

solution u of the linear equation Lu = g, g € L* (R™), is also invariant under rotations.

In Section 3.3, we will consider a nonlinear form of equation (22). More precisely,

we will study nonlinear equations of the type

F(=A(D))u(x) = Us(,u(x)), = €R", ueH"(f), (43)
where the right-hand side of equation (43) is defined by the relation

Us(x,y) = —y+ 0V (x,y), forall z€R" and y € R. (44)

In relation (44), V : R® x R — R is a function with suitable properties and ¢ is a
fixed nonnegative real number.

From (43) and (44), it follows that the considered nonlinear equation is equivalent to
the equation

Lu(z) =6V (z,u(x)), zeR" (45)

where L is the operator defined in relation (35).

Using Banach’s fixed-point theorem, we state and prove a result concerning the
existence, uniqueness and regularity of solutions of equations of the type (43) (see
Theorem 25). As a consequence of Theorem 25, we state and prove two additional
results on uniqueness, real analyticity and regularity of the solutions of the nonlinear
equations of the form (43) (see Corollaries 2 and 3). At the end of this section, we state
and prove two results regarding the uniqueness, regularity and real analyticity of
solutions of the considered nonlinear equations (see Theorem 26 and Corollary 4).

Below, we present the original results obtained in this section.

Theorem 25. Let f be a G¥*-symbol and let Us : R x R — R be a function defined as
in (44), where § is a positive constant. Suppose, in addition, that V(-,0) € L* (R") and
that there ezists a function h € L (R™) such that the inequality

V (2, 40) =V (2, 42)] < [h(2)] |yr — w2 (46)

holds for all x € R"™ and y1,y> € R.
Then, if § > 0 is sufficiently small, there exists a unique solution u € HPM(f) to
equation (43).
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Corollary 2. Let f € ﬂﬁ>0 GOA = G=°N be a reqularized symbol, let A : R® — R be a

positive continuous radial function (i.e., A(§) = A(|€]),& € R™) and let Us : R" x R —

R,0 > 0, be the function defined in (44) such that the hypothesis of Theorem 25 hold.

Suppose, in addition, that the symbol f : R — R satisfies the hypotheses of Theorem 23.
Then, there ezists a real-analytic solution u € C*¥ (R™) of the equation (43).

Corollary 3. Let f,3,V, and h be as in Theorem 25. Suppose, in addition, that there

exists a positive real number r and an integer k with o(r + B) > n/2 + k, such that
V(u) € H (),

for all u € HPA(F).
Then, the solution @ of the nonlinear equation (43) belongs to the class C*(R).

Consider the set
HOM(fraa = {u € HPM(f) : for each rotation R € SO(n) we have u(Rx) = u(z), for a.e. x € R"}.

We observe that H?*(f),aq is a closed subset of H2A(f).
Thus, H?(f)raq is a Hilbert space.
In particular, (H%*(f)sad, | - [lsa(s)) is a Banach space.

Theorem 26. Let f,3,V and 0 be as in Theorem 25, and let A : R™ — R be a positive
continuous functions invariant under rotations.
Suppose, in addition, that
Us:R" xR — R,

Us(z,y) = —y+0V(z,y), zeR"yeR,

18 1nvariant under rotation with respect to x.
Then, for & > 0 sufficiently small, there exists a unique solution @ € HP*(f)raa to

the nonlinear equation (43).

Corollary 4. Let f € ﬂﬁ>0 GPA =GN be a regularized symbol, let Us : R® x R —
R,6 >0, and A : R™ — R be two functions as in Corollary 2. Moreover, let us suppose
that Us 1s tnvariant under rotation with respect to x.

Then, there exists a unique real-analytic solution u € C¥ (R™) of the equation (43).

At the end of our thesis, we presented an abstract of the original paper titled
Generalized Fourier multipliers, published in Ann. Funct. Anal. 14, 34 (2023)
(see [9]), in which the author of this thesis contributed as a co-author alongside Viorel
Catana and loana-Maria Flondor.

We note that the results obtained in the article [9], along with their proofs, are
included in the PhD Dissertation authored by loana-Maria Flondor.
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