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Abstract

This paper investigates the synthesis of controllers for displacement-based formation control in the
presence of bounded disturbances, specifically focusing on uncertainties originating from measurement
noise. While the literature frequently addresses such problems using stochastic frameworks, this work
proposes a deterministic methodology grounded in set-theoretic concepts. By leveraging the principles
of set invariance, we adapt the theory of ultimate boundedness to the specific dynamics of displacement-
based formations. This approach provides a rigorous method for analyzing the system’s behavior under
persistent disturbances. Furthermore, this set-theoretic framework allows for the optimized selection of
the proposed control law parameters to guarantee pre-specified performance bounds. The efficacy of the
synthesized controller is demonstrated in the challenging application of maintaining tight formations in
a multi-obstacles environment.

1. Introduction

The increasing prevalence of real-world applications involving multiple unmanned vehicles has
intensified the interest of the control community in developing reliable and efficient formation
control strategies [1], aimed at enhancing safety, reliability, and procedural efficiency. Various ap-
proaches have been extensively investigated, typically balancing the sensing and communication
capabilities of the agents within the formation [2]. Among them, consensus-based displacement
formation control [3] stands out for its ability to coordinate agents to form and maintain a desired
geometric pattern defined by relative position vectors (displacements) between neighbors [4].
This method is widely adopted due to its linear simplicity, flexibility, and robustness, ensuring
convergence to the target formation [5]. While model selection can introduce numerical and
computational challenges, simplified dynamics such as single [6] or double [7] integrator models
are often preferred. Although the former eases analysis and implementation, we adopt the latter
as a more realistic choice for robotic systems.

However, the idealized simplicity of this control strategy is often challenged by real-world
physical constraints. The system’s performance is susceptible to disruptions such as measurement
noise, which corrupts state estimation [8], and communication disturbances that interfere with
the control process [9]. A key challenge, therefore, lies in designing reliable control laws that ex-
plicitly account for these uncertainties. This necessitates efficient uncertainty modeling, typically
through either deterministic bias representations [10] or stochastic noise formulations [8].

For bounded disturbances, the formation’s trajectories can be constrained via invariant sets at
steady state. Exact reachability methods, which propagate an initial seed set through the system
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dynamics, exhibit exponential complexity and quickly become intractable in higher dimen-
sions [11]. Invariant-set approaches shift the computational burden offline but remain challenging.
Representation-wise, polyhedral formulations [12] are accurate yet computationally demanding,
whereas ellipsoidal representations [13], though numerically robust, impose structural constraints
that often lead to conservative results. Ultimate bounds constructions [14], [15] offer a balanced
alternative—computationally efficient while maintaining acceptable accuracy. Building on these
insights, the main contributions of this paper are as follows:

1) computation of the Jordan canonical decomposition of the formation Laplacian;

i1) derivation of the volume of the ultimate bounds set that characterizes the steady-state
tracking error dynamics;
iii) formulation and solution of an optimization problem yielding a tight and safe displacement-
based formation.
All results are developed under the assumption of a proportional-derivative control law, with its
tuning parameters appearing explicitly in each of the aforementioned items.

The remainder of the paper is organized as follows. Section [l introduces the prerequisites
on ultimate bounds and graph-based formations. Section defines the ultimate bounds for
the displacement-based formation and designs a stable tight formation. Section [[V| validates the
theoretical results, and Section [V] concludes the paper.

The contents of this paper are a compilation of the findings presented in the article "Tight
displacement-based formation control under bounded disturbances. A set-theoretic perspective."”,
written by me, Anghelutd Vlad Matei, together with my coordinators Bogdan Gheorghe, Daniel
Ioan, Ionela Prodan, and Florin Stoican. This article was submitted and accepted at the 2026
edition of the European Control Conference.

Notations

Opnxm € R™™ is the matrix whose entries are zero, with the shorthand notation O,,, whenever
n=m. 0, € R" is the vector with zero entries. I, € R"*" is the identity matrix, and 1, € R"
denotes the vector of n values of one. For an arbitrary matrix A, ‘eig(A)’ defines the vector of
eigenvalues of the matrix, ‘rank(A)’ its rank, and ker(A) its kernel space. The span of a vector
v is given by span{v}. The symbols ‘®’ and ‘®’ denote the Hadamard and Kronecker product,
respectively. For a vector x € R”, its infinity norm is given as ||x||e := max(|x;|,|x2|,...,|xn]).
The Minkowski sum of two sets is defined as X @Y = {x+y: Vxe X,Vy e Y }.

II. Prerequisites

We adapt the ultimate bound constructions from [16] to derive closed-form expressions for
both the invariant set associated with the formation dynamics under displacement control and
its corresponding volume.

A. Set invariance

Consider a continuous-time linear time-invariant (LTI) system governed by
*=Ax+39, (D

where A € R"™" is a Hurwitz matrix and 6 € A C R”" is a bounded disturbance. Let the disturbance
set be zonotopic, A = (¢,G) = {c+GA : || A]| < 1}, with center ¢ € R" and generator matrix
G € R"™P ag defined in [17]. Furthermore, recall that a set Q is said to be robust positively
invariant (RPI) if it satisfies the inclusion AQ@® A C Q, [11]. In this context, a slightly modified
form of the ultimate bounds construction from [16, Thm. 1] is obtained.



Proposition 1. Let A =VAV ™! be the Jordan canonical decomposition of A. Then, the sets

Qup={xeR": [V x| <b}, )
Byg={xeR": [x| < |V|b}, 3)

with notation »
b=|[Re(A)] |- (Ve[ +|V'Gl|-1p), @)

are robust positively invariant (RPI) for the dynamics (1).

Proof. Left-multiplying (T) by V~! and defining y = V~'x yields the canonical form y = Ay +
V~15. Applying [16, Lemma 3] gives |y| < HRe(A)]71|maX5€A|V_15|. Since A = (¢,G), it
follows that

max [V 18| = max [V !(c+GA)
S A<
< V7l + V7G| 1p,

which directly leads to (2). Noting that |x| = [V -V~lx| = [V|-[V~!x| leads to (3)), concluding
the proof. | |

Lemma 1. The set (2) may be equivalently written as a zonotope:
Qup = {0,V (1L,@57)) (5)

Proof. Taking !V’1x| < b from (), we write —b < V~1x < b, which, for the i-th index cor-
responds to :FVin <x < iVin. This is equivalent with having x; = Vin%,- where |4;] < 1.
Repeating this for all indices i and putting in matrix form leads to (3], concluding the proof. B
|

Applying [18, Cor. 3.4] to (5)), we obtain the next result.

Corollary 1. The volume of (O) is given by

2
Vol(Qug) = (2detv-Hb,~) . (6)
i=1

1=
Proof. As shown in [18, Cor. 3.4], the volume of a zonotope of the form (0,G) C R”, with
G € R™", is given by 4det(G'G). Taking G as in (5) and applying determinant properties
yields detG =det[V ® (1,®b")] = ([T/-, bi)detV. Since det(G' G) = (detG)?, substituting the
expression above gives (6], concluding the proof. | |
lllustrative example
We present an example inspired by [19] of computed ultimate bounds for a particular system
and illustrate the robust positive invariance of the obtained sets Qpp and Byp. Thus we take a
system described by (), where:
0 -2 0.2
A= {1 —3}’ 0] < {0.2]

A is Hurwitz with eig(A) = {—1,—2}. By applying @), we obtain b’ = [1.1 0.7]. The
volume of Qg p, computed using (@), is Vol (Qup) = 0.23.
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Fig. 1: Illustrative examples of UB methods

Next we take a random collection of 5 points inside Byp and simulate the trajectories over a
time horizon of T = S5s.

The outer rectangle represents the box set Byp and the inner trapezoid represents the less
conservative set Qup. As seen above, all trajectories remain in Qpp. Furthermore, those which
begin outside the Qg p set, eventually converge inside of it as described by [20, Thm. 2].

B. Graph-based formation descriptions

The interaction topology of a multi-agent system comprising N agents is conventionally
modeled by an undirected graph & = (7, &). The set of vertices, ¥ = {1,...,N}, represents the
agents, while the edge set, & C ¥ x ¥ with cardinality M = |&|, defines the interactions links
among them. For each i € ¥ we define A ={j € ¥ | (i,j) € &} as set of its neighbors.

By assigning an orientation to each edgeﬂ k=k(i,j) € {1,...,M}, the topology is formally
captured by the incidence matrix, [21], H = [hy,] € R¥*YN whose elements are defined as follows:

1, if node i is the sink (head) of edge k,
hii =< —1, if node i is the source (tail) of edge k,
0, otherwise.

The Laplacian of a connectecﬂ graph ¢ is the symmetric positive semidefinite matrix £ =
H'H [5, Lemma 1]. Moreover, we have: rank(.#) = N — 1 and ker(.#) = ker(H) = span{1y}.
If each agent i is located in p;(f) € R" at time 1 >0, then p = [p] ... p,ﬂT cR™ is a

'We index each edge in & by k(i,j). Whenever it is clear, we drop the arguments and refer to the edge by *k’.
2Connectivity is inherently and necessarily a prerequisite for successful formation control.



representation of . In what follows, we consider the case of double-integrator agents:

p _ OnN InN D OnN
<= Lon o] ]+ (] @
5{_/ T

where v € R™ is the velocity vector, while the inputs u € R™ are the agents’ accelerations.
We assume that the agents are able to sense the relative positions and velocities of their neighbors
w.r.t. to a global coordinate system. Since we deal with a displacement-based formation approach,
we define: z(; ;) = zij = pi — p; - the relative position of the i-th agent w.r.t j-th one. Compactly,
we have z = [ZIT ZATAT € R™ the relative position vector, that can be further written as
z=Hp with H = (H®1,). Similarly, we have {(; j = §j =vi—v; and { € R"™ the relative
velocity vector, { = Hv. The desired formation is specified by the following conditions: z + z*
and { — ™, therefore a control law for the agents can be designed as follows

ui=—kp Y, (zij=zfj) —kv 3 (&= &) ®
jE; jeh

where k), and k, are strictly positive scalar. Based on (8) and on the properties of the interaction
graph, we obtain the tracking error dynamics:

ép . OnN InN ep (9)
év|  |—kp(Z®L) —k(Z&I)| |ev]”

J

~

I

Since we assume that each agent can measure the relative positions of its neighbors, it is
clear that the main source of disturbance is coming from these measurements. Therefore we
consider, as in [5], an additive noise at each ¢ > 0 on relative position and velocity vectors:
Zij(t) = z;j(t) + €j(r) and, respectively, ;;(t) = §;;j(t) + &;j(t). Thus, the dynamics (9) become:

) =rle) o] w

where € and £ are bounded disturbances in R” (i.e., &nin < € < €max and Epin < & < Enax). Thus,
we have dynamics similar to (1)) and, with some small modifications (see Remark , the results
from |lI-Al can be employed.

Hllustrative example

Consider an acyclic LFF (Leader-First-Follower) formation [22] composed by: agent i =1
- the leader, agent i =2 - the first-follower and N — 1 agents (i > 3) - the ordinary followers.
Thus, the interaction graph has M = 1+ 2(N —2) edges, resulting the next sets of neighbors
(choosing a standard edge orientation for the formation):

MN=0, N ={1}, N ={i—2,i—1},Vi>3. (11)

For N = 4 we can construct the matrices of interest:
1 -1 0 0

| N B
H=|0 1 -1 0|, %= (12)
1 -1 3 -1
0 1 0 -1 0 1 1
0 0 1 -1



Remark 1. Due to its properties, the Laplacian has a 0 eigenvalue, which renders a non-
Hurwitz T in (I0). This prevents the direct application of set invariance theory from Section
[Al To resolve this issue, we can augment the control law of the leader (conventionally, u;)
by considering an additional term in (§), i.e. —k,0(p1 — p}) with p} coming from a desired
trajectory of the leader. This augmentation is equivalent with considering a bias term  in the
first element of £ and, by using this small modification, it ensures all eigenvalues positive and,
implicitly, a Hurwitz T. In what follows, the notation £ represents the modified Laplacian. 4

III. Main idea

We have previously introduced the concepts of set invariance in the context of ultimate bounds
and displacement-based formations. We now employ the former to analyze the steady-state
behavior of the latter. As a first step, the next section establishes a connection between the
closed-loop tracking error dynamics and their corresponding ultimate bounds invariant set.

A. Tracking error dynamics invariant set

For subsequent use, we recall the spectral properties of the Kronecker product [23, Thm. 4.2.12],
which hold for any square matrices A and B with corresponding eigenvalue—eigenvector pairs
(€,x) and (&,y) satisfying Ax = Ex and By = {y:

) (A®B)(x®y)=(5C)(x®y),

ii) eig(A®B) =eig(A) ®eig(B);
together with the modulus property
i) [ARIy| =|A|®Iy.

Proposition 2. Let £ = VAV ™! denote the Jordan canonical decompositior} of the Laplacian,
as defined in Section ~Then, the Jordan canonical decomposition of 1, the state matrix
in (1), is given by I' = VrArV!, whose components are defined as follows:

X A+ ON
Ar = [ON A_] ® I, (13a)
~ Vv Vv
Vr = [VA+ VA_} ® 1, (13b)
where Ay = diag({ui,i}ie{l,.,,,N}) with:
—kpAi £/ (kyAi)% — 4k A )
Wit = YACH) =, i e eig( ). (14)

2

Proof. Recalling the state matrix I" from (T0) and applying the Kronecker product’s definition,

we obtain
Oy In

—kpl kL

[ /
-~

r

&1y

Left- and right-multiplying I" by (Il ® V) and its inverse gives

On IN]

(LeV) ' T(LheV)= [—k,,A —kyA

which, after appropriate row and column permutations, decomposes into 2 x 2 blocks of the form

0 1 .
|:_kp)di _kv)Li:| , Aieeig(?),



with corresponding eigenvalues (14)). Since all transformations applied to I" are similarity trans-
formations, its spectrum is preserved. Moreover, via property it follows that

eig(l) =eig(T®1,) =eig(T) ®1,,

which, together with (14)), directly leads to (13a).
For the next step, we consider

Wit = { Vi ] ,  where Zv;=Ayv,, (15)
’ Mi+ Vi

and using (14), it follows that I'w; + = u; +w; 4. By definition, w; 4 are therefore the eigenvectors

of the matrix I". Taking A =T and B = I, in property [i) we obtain that (T ®1,)(W; + Qe;) =

(Ui+ @ 1) (Wit ®e€j) = i+ - (W;+ ®e;). Tterating for all indices i, j and stacking horizontally

the resulting column vectors gives the matrix of eigenvectors (I3b), thus concluding the proof.

| |

Corollary 2. The volume of the ultimate bounds (2) for matrix (ILI-A)) is given by

2
N4 Ak, k) )"
Vol Q- un (kp. ) — | detv ]2 T2 (L2 Kn k) 16
(o) F,UB( 1) ) [[ ¢ ] a1 i ( /Aikp)ti ) (16)

where A; = k%ll-z —4k,A; and d = V-18y.

Proof. The idea is to express both V- and Ar explicitly in terms of the control gains kp,ky,. The
straightforward but rather convoluted details are illustrated in appendix [ |

B. Tight formation computation

The gain pair (kp,kv), when substituted into the matrices Ar and Vr that factorize I" as in
Prop. @, yields-via Prop. m-the ultimate bounds set Qr yp and the hyper-rectangle Br yg enclosing
the steady-state tracking error dynamics (9)). Their computation is summarized in the following
result.

Lemma 2. The gains k, > 0 and k, > 0 that guarantee closed-loop stability and minimize the
volume of the invariant set bounding the tracking error dynamics (9)), computed as in (16), are
obtained by solving:

(ky k) = arg min Vol (Qr,us (kp. kv)) (17a)
pH ™y
st k2A — 4k, >0, (17b)

B < —kAi+ 1/ K2AZ — 4k, A <, (17¢)

for all A; € eig(L) and given bounds pu < <O0.

Proof. Conditions guarantee that the eigenvalues p; i, defined in (I4), are real. Subse-
quently, constraint (17c|) enforces stability by confining them to the interval [H’ [, which, by

construction, lies within C~. Finally, the cost term (I7a), which penalizes the volume of the
ultimate bounds set Qr yp defined in (16]), completes the proof. | [

The objective function from Lemma [2]is composed of a product between exponential func-
tions. In order to guarantee that the values of this function do not negatively impact the perfor-
mance of the solver by becoming too great, we apply the logarithm operator and eliminate the



constant factors. This results in the following function with the same global minimum as the

original one.
N 1+ Ak, + k)
flkp,ky) 18
r ; ( VA; kﬂt ) (%)

implies that the optimal parameters are independent of the magnitude of the disturbances.
This increases the practicality of the UB method since it guarantees the best possible error
bounds, without requiring an estimation of the disturbances, a difficult operation in practical
experiments.

Applying Lem. 2] enables the formulation of the so-called steady-state tight-formation problem,
in which the reference position displacements zfj are freely chosen provided the following
competing objectives are satisfied:

(i) all relative velocities are zero, { = 0;
(ii) the leader tracks the desired target, pj = p;
(ii1) all followers remain as closely grouped as possible around the leader (the “tight” require-
ment);
(iv) the formation avoids collisions with known obstacles, modeled as a union of polyhedra,
ﬁ - U i S l-.
These requirements are expressed as the following nonlinear optimization problem, which

solves for the displacement components z Il collected in the column vector z*.

Proposition 3. Under dynamics (10) and with requirements the target displacements z*
which characterize the tightest displacement formation result from

= — argmin [, (19a)
Z*
eT ®I -1 ﬁ —
ot [T @ 1] [ Loh) 2 (19b)
|Z*| e |I:I|"SPVFEF|a (19¢)
Tor17 15
[elg) n zp* ¢ (0% ...x0)®Brys, (19d)

where €1 is the first column from Iy, S, = [InN OnN} selects the row indices which correspond
to the position component of the state, weighting matrix Q, is strictly positive definite and of
appropriate dimensions and “x” denotes the Cartesian product between sets.

Proof. Note that (I9) assumes quasi-stationary behavior, i.e., { =0, as required by item
Recall that p*, the vector of vertically stacked target positions, satisfies z* = Hp*. Appending
the anchoring condition p} = p, equivalently written as [elT ®In} p* = p, anchors the formation
to a specific configuration. This allows p* to be expressed in terms of the displacement vector

z* and the leader’s target p as |
T - —
e ®I1
#= [ )

Fixing the leader’s position (item is thus achieved through constraint (I9b). The tightness
requirement in item is enforced by penalizing the displacement magnitude in the cost

. . . . . T .
function (19a), while constraint (19c) ensures safe inter-agent spacing. Vector [eT e] } 1s

bounded elementwise by Br yg; taking only the position component and adapting (é]} yields
]ep| < SPVFEF. (21)



The relative displacement between agents i and j satisfies z;j = pi— p; = (pi—p;) — (pj—P}) +
p; — P =ep,—ep; +z};. Noting that a sufficient condition to avoid inter-agent collision 1s to
enforce z;; 7 0 and assuming that e, —e, | < € with € € R, we can readily rewrite the sufficient
condition as |zl*]| £ €. Applying this to all agent pairs leads to implication:

(I £ 1H| - lepl) = (27 Oum). (22)

Checking “x € y” means that there exist at least an index i such that x; > y;. Combining (22)
with and noting that |He,| < |H|-|e,| provides (19¢). Finally, overall obstacle avoidance
(item is guaranteed by the exclusion constraint (19d), where each obstacle set is inflated
by the bounding hyper-rectangle Br yg, concluding the proof. | |

Remark 2. The constraint (I9b) can be directly written as in but the goal is to keep the for-
mulation in terms of displacement-based formation description, by using relative position/velocity
vectors. ¢

IV. Results
A. Desired position computation for tight formations

To test the theoretical results from Prop. [3] we considered a LFF formation with N =4 agents,
as described in the illustrative example from Sec.

In Figure |2} we first defined the obstacles (dashed blue), then the agents: leader (1 @), first-
follower (2 @), second-follower (3 =), third-follower (4 @). The edges of the interaction graph
are depicted using arrows (—»).

Minimizing the volume as in Lemma 2| we obtain k, = 0.31,k, = 3.15 which correspond to
the volume value of VolQr yg(k,,k,) = 14.73. Introduced back into (I3b), we get the bound
|Vr|br, which allows to characterize the safety margins around each of the target positions.

Given the inherently non-convex nature of the obstacle avoidance constraint (19d)), a MIP-
based representation [24] is necessary (and utilized) for its implementation and, implicitly,
resolution of (19).

To illustrate the richness of the possible formation configurations, we considered three an-

choring positions for the leader
5 € 10| [100| |60
PU=7120]"|-10]" [25] [~

chosen such that the agents are constricted by either the world’s boundary or by some of the
obstacles.

Using |Vr|br calculated prior, the optimization problem (T9) is solved for each of the leader
position, giving three steady-state formations, as illustrated in Fig. 2] We observe that the
results are formation instances which are tightly arranged around the leader while respecting
requirements as expected.

We can also perform a similar simulation, but this time, a nonconvex obstacle is added in
order to impose a nonlinear constraint in the optimization problem. The results are presented in

Fig. 3
B. Formation topology comparison

The Ultimate Bound methods showcased in this work also allow for comparisons between
different formation architectures based on the bounds obtained through solving the optimization
problem from Lemma [2]
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Fig. 3: Tight formation in a world with nonconvex obstacle

Thus, we consider the Leader-Follower and Co-Leader formation topologies which are de-
scribed by the following Laplacian matrices:

1 -1 0 0 3 -1 -1 —1

1 3 -1 -1 1 3 -1 -1
LIE=| g 1 o q| A= 1 3
0 -1 -1 2 -1 -1 -1 3

The constraints of the optimization problem are defined through the following values given
for the parameters: oo = 1, u = —15, L = —0.05, k =20, § = 0.1 -15,y, where k is the upper
bound imposed for k. k. The resulting parameters are shown in Table

The bounds of the position tracking errors are visualized in Figures M| and [5] These figures
also illustrate simulations in a perturbed environment of the control laws which use the obtained



TABLE I: Obtained values for kj,,k;

| Formation type k| k|
Leader-Follower (LF) | 0.286 | 3.664
Co-Leader (CL) 0.187 | 3.625

k,,k;. We can draw the conclusion that the Co-leader topology displays better robustness than
the Leader-Follower structure, due to its higher number of interactions between agents which
leads to error bounds smaller in magnitude. Additionally, the synthesized control laws ensure
the appearance of an RPI for the tracking error.

Coleader formation evolution
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Fig. 4: Co-leader formation position error bounds

We performed the simulations in MATLAB environment, under Windows 11 operating system.
The implementation of Lemma [2] was done using CasADi [25]. The problem described in
Proposition [3| was implemented in YALMIP [26], and solved using the Gurobi solver [27].
The code for both is stored in the sub-directory “/replan-public/formation-control/ECC-2026" of
the Gitlab repository found at: https://gitlab.com/replan/replan-public.gitl

V. Conclusions

This work addressed controller synthesis for displacement-based formation control from a
set-theoretic perspective to handle bounded disturbances from measurement noise. By applying
set invariance theory, we developed a rigorous framework for guaranteeing performance under
persistent disturbances and enabling optimal selection of control parameters to keep formation
errors within prescribed bounds. The approach was validated on the challenging task of main-
taining a tight formation in a multi-obstacle environment, demonstrating its ability to ensure
safety and formation integrity in constrained settings.
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LFF formation evolution
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Fig. 5: Leader-Follower formation position error bounds

Future work will extend this framework to nonlinear distance-based formation control and to
more realistic, non-holonomic agent models such as unicycle dynamics. Moreover, the insights
gained from solving the tight-formation problem will serve as the foundation for a high-level
motion planning strategy for multi-agent systems.
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APPENDIX
A. Proof of Corollary

We reformulate (6) using the matrices (13a)—(13b). By the Kronecker determinant’s prop-
erty [23, Ex. 4.2.1], we have that

n
detVi = <det [VX VX } >
+ —

= ([detV]? - det(A- —A+))n

= [detvr.ﬁ(_m) : (23)

i=1
Further, term Er, defined as in (4) for dynamics (9)), becomes
= ~ 1—1 - -
br = [[Re(Ar)] |- (I el + |V G- 1auw) - (24)

As a first step we note that Vi = Vr @1, which implies that V' = V! ®1I,. Since V is invertible,
for the inverse of Vr, we use the Schur complement for 2x2 block matrices, which results in:

o [vilesTia vl sty

= —S*1A+V+*1 s-ly-1 | ©h (25)
where S =A_ —A4.

. s ~_1 > -1z
From (24) and denoting & = |c|+|G|12,y, we have that bp = |AR'| |V |8, where we have

the aim to express both AI?I and V- Uin terms of the parameters kp,k,. First, under the closed-
loop stability assumption that eig(A) € R” and using the Kronecker property it follows



that

<1 |[Azh on At oy
|Ar ‘_HON Aot | @h= Ov —A-! Q1. (26)

Second, recalling (25]), we have

-1 -1
~—1_(|S On A —Iy| |V On

~~
—1
VF

Adding (26) and back into (24)) and recalling the Kronecker properties, we have that

- @ ([-A7" 0o _ -
B ([0 S| en)avtons

8(([27 22w

7 ([-AZ" o =
O8] s
br

If A is a diagonal matrix, then A|B| = |AB| for any matrix B. Hence, br may be rewritten as

be — _A_] s1 Opn A_ —Iy y-1 Oy g . D1 Dy vl On g
P70 oy S |-Ay Iyl oy VN T ||Dy Dyl |oy VU[|ION
(28)
with shorthand notation
_ 1 kAi+
Dii=—[(A- = A)AL] A =d <\/_k7L g)
D2 =[(A-—Ap)AL! —ding (-t ).
_ 1 k,A;
Dy =[(A-—A)A] 1Ay =d (\/—;:/;+\/_)

Dy = —[(A- = A A ]! —dlag( VA ki + \/Ki)7

and where A; = k%liz — 4k, A;. With these we can express br explicitly in terms of &, k,:

br— (|D11V1|+ID12V1|)§N] _ [(ID11|+|D12|)ﬂ
(ID2V =+ D2V 1) dN (|D21] +[Da2|)d

where d = V8. Taken elementwise, we have

| 24k VAT . ——
(br)i = ﬁzkix\\ﬁﬁd lfle_l,N (29)
\%ZAJF\ﬁ di_y, ifie N+1,2N



Recalling that br = br®1,, leads to

o= ([oo) = [T 52 o

i=1 i=1
Introducing and back into (16) we obtain the volume, as in (6], thus concluding the
proof.
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